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Abstract

This technical document is the twenty four months progress report for the
NPRP funded project number 09-906-1-137, titled ”Design and implemen-
tation of a new geometric constraint solver based on Bernstein Polytopes”.
The project is a joint collaboration between Qatar University (QU) and the
University of Burgundy (UB), France.

This report concerns the project activities accomplished between Decem-
ber 2011 and November 2012. This report updates the content provided in
the eighteen months progress report sent in May 2012 and complements it
by documenting research activities during the last six months.
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Chapter 1

Introduction

The topic of this NPRP funded research project is Geometric Constraint
Solving, where the main goal is to develop the theoretical foundation, to
design, and implement a highly optimized and robust computer application
for solving systems of geometric constraints.

Geometric constraints specify spatial relationships between geometric entities
(points, lines, curves, and surfaces) while building a 2D or 3D configuration.
By configuration we mean a geometric model composed of the constrained
entities or a subset of them. A set of geometric constraints involves the
equations of the constrained entities as well as a set of parameters, and
produces a system of equations, called geometric constraint system, that
should be solved to find the configuration that satisfies all the constraints.

These systems have various specificities, they can be under-, well-, or over-
constrained. They may include some direct (structural) or indirect depen-
dences, as well as inconsistencies that should be detected and removed prior
to solving. They are usually complex and may need to be decomposed into
a set of subsystems that can be solved separately.

In the domain of geometric constraints, the application used to solve the
system of constraints is called solver. As stated above the aim of this project
is to develop robust CPU- and GPU- based solvers and use them for modeling
constrained Curves and Surfaces, and for computing in a guaranteed way
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topological properties of 3D geometric objects, but also of higher dimensional
objects (for instance, in Robotics for trajectory planning of an articulated
robot in an environment with obstacles).

This chapter describes the current state of progress of the project, and refer-
ences other chapters as appendices which contain descriptions of the technical
work that has been done and include the corresponding research outcomes.
This chapter is organized as follows: Section 1.1 describes the composition
of the current teams working on the project in Dijon, France and in Doha,
Qatar. Section 1.2 briefly recalls the main aims of the project. Section 1.3
presents the contributions to the project aims during the last twelve months.
The last section (Section 1.4) explains the structure of the overall report and
gives ideas about the content of each chapter.

1.1 The project team members

Table 1.1 gives the list of members of the project team, who worked or are
working at Qatar University (QU) and at the University of Burgundy (UB).
New members will join the project shortly a chines postDoc will be recruited
in Dijon, and most probably a research assistant from Tunisia will join the
Qatar team.

Table 1.1: Composition of the project teams

Name Role period Where Aim

Dominique Michelucci PI UB Aim 2, Aim 1
Lionel Garnier CO-PI UB Aim 3
George Tzoumas PostDoc July 1st - present UB Aim 2
Marta Hidalgo RA May 2nd - July 30, 2012 UB Aim 2
Vishal Donderia RA May 10 - July 12, 2012 Aim 2
Jean-Marc Cane RA Feb. 1st, to present UB Aim 2

Sebti Foufou LPI QU Aim 1, Aim 3
Hichem Barki PostDoc Oct. 1st - present QU Aim 1, Aim 3
Mahfoud Djidaini RA April 20 - present QU Aim 1
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1.2 The project main tasks (aims)

The main objective of this project is to redesign and build a new geometric
constraint solver based on Bernstein polytopes and implement it on a graph-
ical processing unit to optimize its operating time. The solver to be built
should also compute in a reliable and guaranteed way the topology of fat
objects defined with linear or non linear equations and inequalities. These
objectives are enumerated hereunder:

• The first goal is to improve and redesign the Bernstein polytopes-based
solver of algebraic non linear equations and inequalities, and extend it
to include: higher degree systems, transcendental equations, proof of
robustness, GPU implantations.

• The second goal is to extend the solver, so it can compute guaranteed
approximations and topological properties of the solution set of under-
constrained systems: it is significant since all shapes can be described
with an under-constrained system of equations and inequalities.

• The third goal is to apply the Geometric Constraint approach to mod-
eling curves and surfaces.

The following tasks have been identified and formulated as the possible so-
lutions to achieve the above three goals:

• Task 1. Redesign and improvement of the solver. This task was decom-
posed into several subtasks which concern the underlaying algorithms
on which the new solver is to be built such as: CPU implementations,
GPU implementations, Optimizations, Higher degrees, Proving a sys-
tem has no real root, Decomposition . . .

• Task 2. Guaranteed approximations and topology. This task was de-
composed into serval subtasks such as: Computation of fair covers,
Integration with the witness method, Computation of interval of fat
sets, Guaranteed computations of the topology of a set.

• Task 3: Constrained curves and surfaces modeling. This task aims at
applying the geometric constraints approach (up to now mainly used
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for dimensioning and tolerancing parts in CAD-CAM) to curves and
surfaces modeling.

1.3 Contributions to the project aims

This Section lists and discusses the contributions to each aim of the project.

Aim #1 Redesign and improvement of the solver: This task has been
decomposed into four subtasks: Foundation, Algorithms, Implementation,
and Optimization.

The work presented in outcome [7] includes implementations of a set of algo-
rithms that are used to compute witnesses for constraint solving. But, so far
this implementation concerns only CPU implementation, so the GPU imple-
mentation is planned to be done in the next few months. A research assistant
(Mr. Mahfoud Djedaini) was engaged in Qatar on April 22, 2012 to help
with the implementation part. He designed and implemented a new version
of the solver that optimizes the previous one by following an Object Oriented
modular implementation approach and by incorporating spares matrices as
an optimized alternative for storing and manipulating Bernstein coefficients
during the computation processes. This optimization is documented in the
section titled ”our contribution” in the technical report of chapter 4.

A research outcome that contributes to this aim is our paper accepted for
publication in the Journal of Reliable Computing, Elsevier [3]. This paper
gives a nice survey on the use of Bernstein basis and how they are used
for geometric constraints solving. Another contribution to the foundation
of this aim is our work about the complexity of the Bernstein combinatorial
problem, this work has been submitted to the journal of Reliable Computing,
Elseiver [8]

Aim #2 Guaranteed approximations and topology: This task has
been decomposed into three subtasks: Reliable computing, Fat modeling,
and Tolerant modeling.

The work documented in outcome [7] which concerns the witness computa-
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tion includes detailed comparison, from both the robustness and reliability
aspects, of several witness computation methods. The use of the witness
method will certainly enhance the computing process of the solver. Our con-
tribution to the Fat modeling and Tolerant modeling subtasks is still minor.

A research assistant (Mr. Jean Marc Cane) was engaged in Dijon in February
2012. He studied the mathematical background (eg the notions of homology,
homotopy, simplicial complexes, Morse theory, Morse-Smale theory), as well
as the data structures and the methods for topological computations (eg the
DJC: Delanoue, Jaulin and Cottenceau’s method, which computes a sim-
plicial complex homotopic to a set described by a system of inequalities).
He also worked with Marta Hidalgo during her internship. We include in
this report the current state of his survey. Since topological computations
entail solving geometric constraints and solving optimization problems (for
instance the solver based on the Bernstein polytope requires Linear Program-
ming), Jean-Marc also studied the problems and methods of Mathematical
Programming: Linear Programming, but also convex optimization, Linear
Complementarity problem, Krush Kuhn Tucker theory, etc. This is justified
because the basic problems about the Bernstein polytope can be reduced
to Linear Programming problems, but also to Linear Complementarity prob-
lems. We also conjecture that the Delanoue, Jaulin and Cottenceau’s method
outputs a simplicial complex which is not only homotopic to the input ge-
ometric set, but also isotopic, which is a stronger result. We hope that
Jean-Marc will prove this conjecture, or will find a counter-example. The
outcome of Jean-Marc’s work is documented in [1] and included in chapter 5
of this report..

George Tzoumas got involved in the project with a postdoc contract on July
1st, 2012. He works on the new representation of geometric sets proposed
by D. Michelucci. The idea is to consider the geometric sets as systems of
equations which are solved, however, exploiting specific knowledge about the
system, such as sparseness or dependencies between variables. This approach
is not restricted to Boolean operations, it allows representing more complex
sets as well, such as Minkowski sums. So far, his contributions include:

• study of the algebraic systems in order to represent complement, union,
intersection and Minkowski sum; an alternative system has also been
proposed for unions and intersections
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• reference implementation in Pyhon/SAGE

• benchmarking of existing solvers like IBEX/Quimper, an Interval-newton
solver (developed by A. Kubicky) and a naive SAGE-based solver

• C++ multivariate polynomial parser in order to be used together with
Mahfoud Djedaini’s sparse LP implementation towards a more efficient
Bernstein solver

The outcome of Jean-Marc’s work is documented in [10] and included in
chapter 6 of this report.

Aim #3 Constrained curves and surfaces modeling: This task is
the one where the developed solver will be used to design constrained curves
and surfaces. It is decomposed into three subtasks: Bibliography, Surface
properties, and Constrained design.

We have contributed to this aim only during the first six months of this year.
Our contributions are documented in the research outcomes [6] and [9]. The
solver has been used in [6] to define constrained 3D triangles on degree four
algebraic surfaces called Dupin cyclides. Interval Arithmetic tools developed
for the solver has been used in [9] to compute Rvachev functions for fractal
objects.

1.4 Structure of this report

In addition to this introductory chapter, this report is composed of another
8 chapters, a conclusion chapter, plus a last page which lists our research
outcomes for the second year of the project. To facilitate the reading of this
document, the following paragraphs give brief descriptions of the content
of each chapter. These 8 chapters should be seen as appendices to which
interested readers are invited to refer for more details.

Chapters 2, 3, and 4 details our research outcomes with contributions to the
first aim of the project. The first part of chapter 2 includes a survey paper
on the use of Bernstein basis for solving geometric constraints [3], while
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the second part includes a paper describing our study of the complexity
of the Bernstein combinatorial problem [8]. Chapter 3 includes a paper
on the witness computation where four different computation methods were
implemented and their performances were analyzed compared [7]. Chapter
4 includes a progress report describing a study on the optimization of the
solver using sparse matrices [2].

Chapters 5 and 6 includes work in progress related to the second aim of the
project. The former contains a report on the mathematical background as
well as the data structures and the methods for topological computations [1].
The later explores new representation for geometric sets and its application
to represent sets such as Minkowski sums, projections, cylindric projections,
etc [10].

Chapters 7 and 8 presents our research outcomes related to the third aim
of the project. The former includes a paper on how to define constrained
curves which intersect in a particular way to define 3D triangles [6]. The
later includes a paper on the definition of constrained fractal objects [9].

The last chapter (Chapter 9) contains the conclusion with some planes for
future work.
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Chapter 2

Bernstein basis usage and
combinatorial complexity

This chapter presents research outcomes that was submitted to the Journal
of reliable computing, Elsevier, in the form of two different papers. The first
paper gives a nice survey on the Bernstein basis and their applications in
geometric constrain solving, this paper has been accepted for publication in
the journal and is currently in press [3]. The second paper presents an original
study of the complexity of the Bernstein combinatorial problem related to
the fact that the number of coefficients in the tonsorial Bernstein basis is
exponential with respect to the number of variables [8].
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Abstract. This paper reviews the properties of Tensorial Bernstein Basis (TBB)
and its usage, with interval analysis, for solving systems of nonlinear, univariate
or multivariate equations resulting from geometric constraints. TBB are routinely
used in computerized geometry for geometric modelling in CAD-CAM, or in com-
puter graphics. They provide sharp enclosures of polynomials and their derivatives.
They are used to reduce domains while preserving roots of polynomial systems, to
prove that domains do not contain roots, and to make existence and uniqueness
tests. They are compatible with standard preconditioning methods and fit linear
programming techniques. However, current Bernstein-based solvers are limited to
small algebraic systems. We present Bernstein polytopes and show how combining
them with linear programming allows us to solve larger systems as well. The paper
also gives a generalization of Bernstein polytopes to higher degrees and a comparison
of polytopes-based versus TBB-based polynomial bounds.

Keywords: Tensorial Bernstein basis, Algebraic systems, Univariate and multivari-
ate polynomials, Geometric constraint solving. Bernstein polytope

1. Introduction

This text intents to be a gentle introduction for using Tensorial Bern-
stein Basis (TBB) to compute sharp ranges for the values of a mul-
tivariate polynomial inside a box, i.e. a vector of intervals, and for
solving well-constrained systems of polynomial equations. It also sum-
marizes former results in this topic and presents Bernstein polytopes
and their use in solving geometric constraint systems. The content of
this paper should be useful to people in interval analysis, since sev-
eral reference textbooks on interval analysis (or on the resolution of
polynomial systems) do not mention Bernstein basis.

In the remainder of this paper, the word ’interval’ refers to a 1D
interval, while ’domain’ and ’box’ refer to 2D, 3D, . . . nD intervals.
The range refers to the interval that encloses the image of a polynomial
inside an interval or a box.

∗ Corresponding author

c⃝ 2012 Kluwer Academic Publishers. Printed in the Netherlands.
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2 Foufou, Michelucci

The paper is organized as follows: Section 2 recalls the definition
and the basic properties of Bernstein polynomials, and the Bernstein
basis and discusses their use in computer graphics and geometric con-
straint solving. Section 3 gives a brief presentation of our solver which
is based on interval arithmetic and Bernstein basis, and then presents
the fundamental ingredients and algorithms used to build this solver.
The Bernstein classical approach (the one based on TBB) expresses
all polynomials in the TBB, thus takes exponential time, and becomes
impractical with systems of more than six variables. Section 4 presents
the notion of Bernstein polytopes and shows how they can be computed
and used, with Linear Programming (LP), to improve Bernstein basis-
based solvers. This approach does not need to express polynomials in
the TBB, it is polynomial time and thus solves systems of arbitrary size.
Section 5 extends the idea of Bernstein polytopes to a higher degree.
Section 6 gives a short comparison between Bernstein polytopes-based
and TBB-based polynomial bounds. Section 7 concludes and presents
possible future extensions.

2. Bernstein polynomials and Bernstein basis

2.1. Bernstein polynomials definitions and properties

The d + 1 Bernstein polynomials B
(d)
i of degree d, also written Bi(t)

for fixed d, constitute a basis for degree d polynomials:

B
(d)
i (x) =

(
d

i

)
xi(1 − x)d−i

The conversion between this basis and the canonical basis: (x0, x1, . . . xd)
is a linear mapping. Classical formulas are [5]:

xk = (1/

(
k

d

)
)

d∑

i=k

(
k

i

)
B

(d)
i (x)

x = (1/d) ×
d∑

i=0

i B
(d)
i (x)

x0 = 1 =

d∑

i=0

B
(d)
i (x) (1)

Bernstein polynomials have two main properties: their sum equals

1 (see eq. 1), and every B
(d)
i (x) is positive for x ∈ (0, 1). These two

properties imply that for 0 ≤ x ≤ 1, p(x) =
∑

piBi(x) is a linear
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Bernstein basis & geometric constraint solving 3

convex combination of the coefficients pi. For a polynomial p, each
pi ∈ R and p(x ∈ [0, 1]) lies in [min pi, max pi]. This enclosure is tight,
and the min or max bound is exact if it occurs at i = 0 or i = d. When
pi lies in 2D (or 3D), p(x) describes a 2D (or 3D) Bézier curve, and
the arc p(x), x ∈ [0, 1] lies inside the convex hull of its so-called ’control
points’, pi.

Example: since x = 0 B0(x)+1/dB1(x)+2/dB2(x)+ . . . d/d Bd(x),
the polynomial curve (x, y = p(x)), with x ∈ [0, 1], lies in the convex
hull of its control points (i/d, pi).

Unlike coefficients in the usual basis: (1, x, x2, . . . xd), control points
depend on the x interval. The classical de Casteljau method provides
the control points of p(x), x ∈ [0, t], and of p(x), x ∈ [t, 1].

For multivariate polynomials, the TBB is the tensorial product:

(B
(d1)
0 (x1), . . . B

(d1)
d1

(x1)) × (B
(d2)
0 (x2), . . . B

(d2)
d2

(x2)) × . . .

The convex hull properties and the de Casteljau method extend to
the TBB, which provide sharp enclosure of multivariate polynomials
p(x), x ∈ [0, 1]n.

2.2. Bernstein polynomials and computer graphics

Tensorial Bernstein basis provides sharp enclosures for the value of
a multivariate polynomial inside a box. The superiority of Bernstein
basis over the naive interval arithmetic is illustrated in [16] and in [15,
17], where implicit algebraic curves f(x, y) = 0 are displayed with the
classical subdivision method, using both the naive interval arithmetic
and a more optimized interval arithmetic that relies on the tensorial
Bernstein basis for bound computations. These studies revealed that
the latter method needs much less subdivision to cull domains which
are not crossed by the curve. Bernstein basis is optimal in dealing
with the problem of inaccuracy and numerical instability, which has
been proved by several authors, in particular by Farouki’s theorem on
condition numbers [5, 6]. In comparison, the canonical basis is terribly
unstable, as illustrated by Wilkinson’s polynomials. Last, but not least,
Bernstein basis brings geometric insight and intuition to algebraic and
numerical problems. Examples of naive interval and Bernstein-based
arithmetic applied to different polynomials are shown in Figure 1.

Whilst there is no textbook that exposes Bernstein-based solutions,
there are several which cover interval analysis [13] and homotopy meth-
ods [24]. However, most of the methods presented here are all well-
known and widely used in computer graphics, computer geometry and
CAD-CAM. All principles were laid down in CAD-CAM with de Castel-
jau’s work in 1959 (in industry at Citroën), which were kept secret until
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4 Foufou, Michelucci

Figure 1. top: naive interval arithmetic. bottom: Bernstein-based arithmetic.
Left to right columns: Cassini oval C2,2(x, y) = 0 in [−2, 2] × [−2, 2]
where Ca,b(x, y) = ((x + a)2 + y2) × ((x − a)2 + y2) − b4, the curve
f(x, y) = 15/4 + 8x − 16x2 + 8y − 112xy + 128x2y − 16y2 + 128xy2 − 128x2y2 = 0
on the square [0, 1] × [0, 1], and three random algebraic curves with total degree 10,
14, 18.

1975 when W. Böhm made them public. Meanwhile, P. Bézier published
his work on UNISURF in the 1960’s, whilst working at Renault, another
French car company. It can be said that Bernstein basis, Bézier curves
and surfaces, and their offspring (spline basis for piecewise algebraic
functions, and the currently fashionable subdivision curves and surfaces
or volumes) are at the very heart of CAD-CAM.

2.3. Bernstein basis and Geometric Constraint Solving

Geometric constraint-based modelling includes three connected (and
sometimes iterative) phases: (i) constraint specifications, (ii) constraint
analyses and decompositions, (iii) constraint solving. This paper con-
cerns the third phase and aims to show the appropriateness of the
Bernstein basis for solving algebraic systems of equations resulting
from the analysis and decomposition phase. Solving methods for these
systems can be classified in two main categories: iterative numeri-
cal methods (such as Newton-Raphson and continuation (homotopy)
[14, 24]), and interval numerical methods, which combine the advan-
tages of interval arithmetic for correct numerical computations and
rigorous searches of solutions [12, 13]. Continuation methods do not
use Bernstein basis [24], and Newton-Raphson-based methods may use
interval arithmetic [12], but, to our knowledge, never Bernstein basis.

The principle of current Bernstein-based solvers [20, 11, 18] is as
follows. To find the roots of an algebraic system inside an initial box,
contract the box, while preserving the roots, until it is no longer possible
to significantly reduce it further; then try to prove that it does not

rc_BernsteinSurvey.tex; 14/11/2012; 21:43; p.4



Bernstein basis & geometric constraint solving 5

contain any root (these two procedures can be used in either order).
Otherwise, bisect the box (for instance, along its longest side) and
recursively study the two halves. Many have proposed variants of this
method, i.e. , Patrikalakis and Maekawa [20], Garloff and Smith [11],
Mourrain and Pavone [18], and Elbert and Kim [4]. The refinement
is stopped either when some accuracy is reached, or when it is no
longer possible to refine, depending on the available finite numerical
accuracy. To understand this last point, consider that numbers (i.e.
Bernstein coefficients) are represented by intervals with integer bounds
(for instance, 1 means 10−6 meter). When an interval width is equal to
one, bisecting it is no longer possible: the left half (and the right half)
of [0, 1] is itself. In fact, all intervals with width 1 are ”atomic”, and
can not be bisected further. The same concept applies to floating point
numbers, instead of integers, due to discreteness.

3. Resolution of algebraic systems

This section presents a solver relying on the tensorial Bernstein prop-
erties. This solver explicitly represents polynomials in the tensorial
Bernstein basis [11, 18, 20]. This is the classical approach in computer
graphics and CAD-CAM. This solver also uses some linear program-
ming (see Section 3.4).

Our approach performs some simple symbolic operations, such as
sums, linear combinations, and derivatives on polynomials, but it does
not need expensive operations used in computer algebra, such as resul-
tants, greatest common divisors and standard basis. The coefficients of
polynomials are represented by intervals to account for rounding errors:
thus, these intervals remain narrow during computations. Classically,
interval arithmetic is used for two purposes: on one hand, intervals
enclose rounding errors of floating point arithmetic, and on the other,
interval arithmetic is used to compute the range of functions on large
domains, where the width can be huge. Our approach uses interval
arithmetic only to account for rounding errors. Indeed, sharp ranges
of polynomials inside boxes are computed by relying on properties of
Bernstein basis (and not on the classical interval arithmetic, naive or
centered).

The solver starts by expressing the polynomials of the equations in
the Bernstein basis using classical formulas for the conversion between
canonical and Bernstein basis [5]. The initial box is recursively subdi-
vided until one of the three following terminating cases is reached: (i)
there is no solution within the box (see Section 3.4), (ii) the box con-
tains one unique solution (see Section 3.5), and (iii) the box is so small
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6 Foufou, Michelucci

that it cannot be subdivided further. This process may be accelerated
with two independent optimizations: preconditioning of the equations
in the multivariate case, and contraction of boxes (Section 3.2). Box
contraction uses the computation of 2D convex hulls, for any number
of equations and unknowns, as a subroutine (Section 3.3). A variant
of box contraction used by Mourrain [18], relies on the resolution of
univariate polynomials (Section 3.1).

3.1. Isolating real roots of univariate polynomials

Bernstein basis enables a simple and fast algorithm to enclose real
roots of an univariate polynomial in an interval, e.g. [0, 1]. Convert
the polynomial in the Bernstein basis. If all Bernstein coefficients have
the same sign, the polynomial has no root inside the interval. Other-
wise, study recursively the two halves of the interval. The Bernstein
coefficients within the two halves are computed using the classical
de Casteljau algorithm [5]. When the Bernstein coefficients increase
(decrease) monotonously, and are negative at one end and positive at
the other end, then the interval contains a single, regular root, and the
standard Newton method is guaranteed to converge to the root. Inter-
vals without roots are quickly culled; it is known that the convergence
of Bernstein-based subdivision methods is quadratic [18].

To find roots of f(x) = 0 in [1, +∞), define g(x) = xdf(1/x): if
f(x) =

∑
fix

i in the canonical basis, then g(x) =
∑

fix
d−i, i.e. g is a

polynomial with the same coefficients than f but in reverse order in the
canonical basis; and the roots of g inside [0, 1] are clearly the inverses
of the roots of f inside [1, +∞). By this method, all positive roots are
found. To find negative roots of f(x) = 0, compute the positive roots
of the polynomial h(x) = f(−x).

This kind of algorithm is used in computer graphics to ray trace
algebraic implicit surfaces f(x, y, z) = 0 with total degree d, i.e. to
compute the intersection points between a ray (a half line) and the
surface. The ray is parameterized with: x = x0 + at, y = y0 + bt, z =
z0 + ct, where the origin (x0, y0, z0), and the direction (a, b, c) of the
ray are known. Replacing x, y, z by their values in t, gives an univariate
algebraic equation in t, with degree d, which can be solved by some
variant of the previous method.

3.2. Preconditioning and box contractions

It is well known from interval analysis that contraction methods, i.e.
methods which contract the considered domain while preserving the
roots it contains, are interesting since they can avoid useless and costly
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Bernstein basis & geometric constraint solving 7

branching (bisections). Bernstein basis enables contraction of domains
around their contained roots very efficiently.

f=0

g=0

af+bg=0

a’f+b’g=0

af+bg=0

a’f+b’g=0

f=0

g=0

Figure 2. Effect of preconditioning for a linear system (left), and a non-linear one
(right).

First the polynomial system is preconditioned (see Figure 2 for two
2D examples), so that its jacobian is the identity matrix at the center
x0 of the studied box. Let f(x) = 0 be the studied system, the precon-
ditioned system is g = Mf for some matrix M , so that g′(x0) = Inn;
of course, f and g have the same roots. Since g′(x0) = Mf ′(x0) = Inn,
it turns out that M = f ′(x0)

−1 is the inverse of the jacobian at x0.
After preconditioning, the kth equation in g(x) = 0 can be close to a
hyperplane having equation xk = ck, where ck is some constant. Now,
each hypersurface z = gk(x) = 0 lies inside the convex hull of its control
points. The convex hull is a polytope in high dimension, which is not
convenient. But this polytope lies inside a prism, the base of which
is the 2D convex hull of the projections of the control points on the
(xk, z) plane, as shown in Figure 3. For a system of n unknowns and
equations, n 2D convex hulls have to be computed, in the planes (xi, z),
i ∈ [1, n]. Computing a 2D convex hull is straightforward (section 3.3).

If all equations have the same degree, the Bernstein coefficients of
a linear combination

∑
aifi(x) are just the linear combination of the

Bernstein coefficients of the fis. This makes it possible to not really
compute the jacobian inverse, but rather to solve several linear systems.
This contraction method also partially applies when the jacobian does
not have full rank, i.e. is not invertible.

A variant of box contraction used by Mourrain [18] relies on the
resolution of univariate polynomials e.g. in rightmost part of Figure 3,
the three points having maximal (minimal) z coordinates in x1 = 0, 1/2,
and 1, give control points of a univariate maximal (minimal) polyno-
mial. Computed roots of these polynomials permit box contractions.

3.3. 2D convex hull computations

Computing the convex hull of a set of 2D points is a basic problem of
computerized geometry. Let (xi, zi) be a set of points in the plane x, z.
We only explain how to compute the lower part of the convex hull of
(xi, zi) points. The upper part can be computed in a similar way. First,
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8 Foufou, Michelucci

sort the points by increasing xi: x0 < x1 < . . . xd. Note that there is
only one point for each xi value (the one with the smallest z). Initialize
the lower convex hull with the two leftmost points p0 = (x0, z0), p1 =
(x1, z1), and h = 1. Then scan the (xk, zk) points from left to right (i.e.
with increasing x), for k = 2, . . . d, and update the lower convex hull as
follows. Let ph be the rightmost point of the lower convex hull, and ph−1

the point just before. While ph−1phpk ”turns right” (the angle ph−1phpk

is concave), remove the point ph from the lower hull. Then add point
pk at the end of the lower convex hull. Three points p, q, r ”turn right”
when the determinant of ((px, pz, 1), (qx, qz, 1), (rx, rz, 1))t is negative.
When it vanishes, points p, q, r are aligned; when it is positive, they
turn left.

x2

 x1 x1

x2

f1(x1,x2)=0
x1

z

Figure 3. Equation z = f1(x1, x2) = 0 has degree 2 in x1 and x2, and a grid of 3×3
control points. This curve is seen as the intersection between the zero level set z = 0
and the surface z = f1(x1, x2). This surface lies inside the convex hull of its control
points (i/2, j/2, bi,j), i = 0, 1, 2, j = 0, 1, 2. It is easy to compute the 2D convex hull
of the projection on the x1, z plane of the control points. The intersection of this
2D convex hull with the x1 axis encloses all points of the curve.

This algorithm is in O(d log d) if d is the number of points, the d log d
factor is due to the sorting stage, which is useless here, so the method
is linear in the number of points (the number of Bernstein coefficients).

3.4. Proving a domain does not contain roots

Sometimes, the previous reduction method cannot quickly detect that
a box does not contain roots. For instance, with two circles with the
same center and close radius, the method has to subdivide all along
the two circles, until it separates them. The following test detects this
kind of situation very quickly.

Let f1(x) = f2(x) = . . . = fn(x) = 0 be a system of equations.
Assume that all fi have equal degrees. Then, if there are numbers
λi ∈ Rn such that g(x) =

∑n
i=1 λifi(x) has only positive Bernstein

coefficients, then g(x) is always positive in the studied domain; since
g vanishes at all common roots of fi, i = 1 . . . n, it proves that the fi

have no common root in the domain. The Bernstein coefficients of g
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Bernstein basis & geometric constraint solving 9

are just λi linear combinations of the Bernstein coefficients of the fi,
so such λi exist if the corresponding LP problem has feasible solutions.

This idea can be extended to systems of equations and inequalities.
Assume the problem is to find x in some box of Rn such that f1(x) =
. . . = fe(x) = 0 and g1(x) ≤ 0, . . . , gs(x) ≤ 0. If there are λi ∈ Re and
µj ≥ 0 such that

∑
i λifi +

∑
j µjgj > 0 (say

∑
i λifi +

∑
j µjgj ≥ 1) for

all points x in the box B, then the system has no solution. Such λi and
µj exist if the corresponding linear programming problem is feasible,
i.e. this question reduces to LP. This idea is illustrated in Figure 4,
where the problem is to find x such that f(x) = 0 and g(x) ≤ 0. Since
the Bernstein coefficients of (say) g − 2f are all strictly positive, then
g − 2f is strictly positive on the considered interval, thus f(x) = 0 ⇒
g(x) > 0, and the system has no solution in the interval.

g−2f

g

f

Figure 4. A system with no solution in the given interval

3.5. Proving existence and uniqueness

The solver terminates with a set of small boxes it cannot eliminate.
There are very few spurious boxes (i.e. boxes without roots), due to
the optimality of Bernstein basis. To prove that a resulting box contains
a root, or contains a unique root, all tests in interval analysis can be
applied. Moreover, their computation time is not an issue, due to the
small number of spurious boxes; their computation time is an issue only
for solvers which are driven by such tests.

Even if all tests apply, some fit the Bernstein scheme in a very natu-
ral way. For instance, according to the Miranda (or Poincaré-Miranda)
theorem, if n continuous functions fk from Rn to R are such that the kth

function has constant sign on the hyperface xk = ak of the hypercube
ak ≤ xk ≤ bk and constant but opposite sign on the opposite face
xk = bk, for every k = 1, . . . d, then the system f1(x) = . . . = fn(x) = 0
with x ∈ Rn has a common root inside the hypercube, see the left half
of Figure 5. Now, after preconditioning, in a box containing a regular
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10 Foufou, Michelucci

root r = (r1, . . . rd), the hypersurface of the kth equation is very close
to the hyperplane xk = rk; the hyperfaces xk = ak and xk = bk are on
opposite sides of the hyperplane xk = rk; the fact that fk has constant
sign on a hyperface xk = ak or xk = bk is proved as long as the Bernstein
coefficients on the hyperface have constant sign, and Miranda theorem
then applies. This approach is smart because it is simple and uses only
available data.

+ ++

− − −
+

+

+

−

−

−

T2

1

2

T1

Figure 5. Left: Poincaré-Miranda theorem in 2D proves existence of a root. Right:
the uniqueness test, tangent cones are disjoint.

Elbert and Kim [4] propose an uniqueness test, which fits nicely
with Bernstein basis (and with B-splines basis, which extend Bernstein
basis to piecewise algebraic functions). Let Ti be the cone of vectors
tangent to the hypersurface z = fi(x). Elbert and Kim enclose such
cones with a central vector (the average of the generators) and an
interval of angles; in passing, the same central vector is used for the
cone bounding the normal vectors of this hypersurface z = fi(x). When
the null vector is the only vector common to all Ti, then there is at most
one common root in the studied box, due to the mean value theorem.
After preconditioning, when the box contains a unique regular root,
this condition very likely holds since preconditioning favors orthogonal
surfaces (see Figure 5). Elbert and Kim stop the reduction process as
soon as existence and uniqueness are proved, and resort to a Newton-
Raphson iteration, or some variant. This improvement may speed up
the solver, though its complexity is unchanged: in this case, both the
reduction process and Newton iteration have quadratic convergence.

Actually, the theorem also holds for weaker conditions on f : it suf-
fices f to be G1 continuous; thus the theorem applies to function f
which are piecewise polynomial, or piecewise rational and well defined
everywhere in the box (no component of f has a pole in the box B).

In the univariate case, if f(x) has degree d and control values Fk,
then the d control values of its derivative f ′(x) are F ′

k = (Fk+1 −Fk)/d,
for k = 0, . . . d − 1. This straightforwardly extends to the multivariate
case, and to derivatives of higher order.
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0 1

B0 ≥ 0

B1 ≥ 0

B2 ≥ 0

4y+x−3 = 0

3/5 7/90 1

B0 ≥ 0

B1 ≥ 0

B2 ≥ 0

Figure 6. Left: The Bernstein polytope encloses the curve: (x, y = x2), for
(x, y) ∈ [0, 1]2. Its limiting sides are: B0(x) = (1 − x)2 = y − 2x + 1 ≥ 0,
B1(x) = 2x(1−x) = 2x−2y ≥ 0, B2(x) = x2 = y ≥ 0. Right: Solving 4x2+x−3 = 0,
with x ∈ [0, 1], is equivalent to intersecting the line 4y + x − 3 = 0 with the curve
(x, x2). LP gives the intersection between the line and the Bernstein polytope.

4. The Bernstein polytope

A difficulty of TBBs is that they have an exponential number of ele-
ments (which also applies for the canonical basis, but very often poly-
nomials are sparse in the canonical basis). The size is (d1 + 1)(d2 +
1) . . . (dn+1) where n is the number of variables and each di, i = 1 . . . n
is the partial degree of the polynomial in the variable number i. Cur-
rent Bernstein-based solvers compute all control points, which prevents
them being used beyond a small number of unknowns (6 or 7 without
optimization, a dozen with optimization such as [23])

This section presents a polynomial time method to bypass the dif-
ficulty due to the exponential number of the Bernstein basis functions
[9, 8]. The key remark is that existing Bernstein-based solvers compute
all control points, i.e. all coefficients in the TBB, and only the smallest
and the greatest ones are needed. Resorting to LP allows us to bypass
the above mentioned difficulty. TBB bounds, and the bounds provided
by LP, are compared in section 6.

We need to define the Bernstein polytope. For univariate polynomi-
als with degree d, the Bernstein polytope is a simplex in dimension
d, i.e. d coordinates (x1, x2, . . . xd) are needed to represent its ver-
tices. The Bernstein polytope encloses the arc of curve: (xi = xi), x ∈
[0, 1], i = 1 . . . d. The hyperplanes of its faces are given by the inequali-

ties: B
(d)
i (x) ≥ 0, i = 0, . . . d, where each monomial xi is changed in xi,

for i = 1, . . . d. Figure 6 shows the Bernstein polytope (a triangle) for
degree d = 2, which encloses the arc of curve (xi, x

2
i ), where 0 ≤ xi ≤ 1:

for convenience, the points (xi, x
2
i ) are renamed (x, y = x2) on the
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12 Foufou, Michelucci

(1, 1, 1)

(0, 0, 0)

(1/3,0,0) (2/3, 1/3, 0)

Figure 7. The Bernstein polytope, a tetrahedron, enclosing the curve
(x, y = x2, z = x3) with x ∈ [0, 1]. Its vertices are v0 = (0, 0, 0), v1 = (1/3, 0, 0),
v2 = (2/3, 1/3, 0) and v3 = (1, 1, 1). v0 lies on B1 = B2 = B3 = 0, v1 on
B0 = B2 = B3 = 0, etc. B0(x) = (1−x)3 = 1−3x+3x2−x3 ≥ 0 ⇒ 1−3x+3y−z ≥ 0,
B1(x) = 3x(1 − x)2 = 3x − 6x2 + 3x3 ≥ 0 ⇒ 3x − 6y + 3z ≥ 0,
B2(x) = 3x2(1 − x) = 3x2 − 3x3 ≥ 0 ⇒ 3y − 3z ≥ 0, B3(x) = x3 ≥ 0 ⇒ 3z ≥ 0.

y

x x

y

z
z

Figure 8. The Bernstein polytope enclosing the surface patch: (x, y, z = xy). In-
equalities of delimiting planes are: Bi(x)Bj(y) ≥ 0, with i = 0, 1 and B0(t) = 1 − t
and B1(t) = t

figure. Figure 7 shows the Bernstein polytope (a tetrahedron) for degree
d = 3; this tetrahedron encloses the curve (xi, x

2
i , x

3
i ), where 0 ≤ xi ≤ 1:

for convenience, the points (xi, x
2
i , x

3
i ) are renamed (x, y = x2, z = x3)

on the figure.
This definition of Bernstein polytope can then be extended to mul-

tivariate polynomials. For simplicity, consider first quadratic polyno-
mials, i.e. the total degree of monomials is at most 2 with the tensorial
canonical basis. The Bernstein polytope enclosing the quadratic surface
patch (xi, xj , xi × xj), or rather (x, y, z = xy) to use more convenient
and intuitive notations, is illustrated in Figure 8. Its hyperplanes are

defined by B
(1)
0 (x)×B

(1)
0 (y) ≥ 0 ⇒ (1−x)(1−y) ≥ 0 ⇒ 1−x−y+z ≥ 0,
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B
(1)
0 (x)×B

(1)
1 (y) ≥ 0 ⇒ (1−x)y ≥ 0 ⇒ y − z ≥ 0, B

(1)
1 (x)×B

(1)
0 (y) ≥

0 ⇒ x(1−y) ≥ 0 ⇒ x−z ≥ 0, B
(1)
1 (x)×B

(1)
1 (y) ≥ 0 ⇒ xy ≥ 0 ⇒ z ≥ 0.

This tetrahedron is optimal: it is the convex hull of the algebraic patch.
Notice that to the monomial xy is attached a LP (linear programming)
variable z. More generally, for a quadratic system, every monomial
xixj , with i < j is attached to a LP variable xij , every monomial x2

i
is attached to a LP variable qi, every monomial is attached to a LP
variable xi (itself). The monomial 1 is attached to no LP variable.
Replacing the monomials x2

i , xixj , xi with the corresponding LP vari-

ables in the inequalities: B
(2)
i (xi) ≥ 0, i = 0, 1, 2, and in the inequalities:

B
(1)
s (xi) × B

(1)
t (xj) ≥ 0, s = 0, 1, t = 0, 1 provide the linear inequalities

(in the LP variables) which bound the Bernstein polytope. For instance,
B11(x1, x2) = B1(x1) × B1(x2) = x1x2 = x12. Clearly, the Bernstein
polytope for a quadratic system in n unknowns has O(n2) hyperplanes.

For systems of higher degree, either auxiliary equations and un-
knowns are used to reduce them to quadratic systems, or the Bernstein
polytope is extended: for a total degree d system, the Bernstein poly-
tope has O(nd) hyperplanes. The Bernstein polytope has an exponential
number of vertices [1], but it has only a polynomial number of hyper-
planes. Therefore, in the multivariate case, the Bernstein polytope is
not a simplex.

Computing a lower and an upper bound of a polynomial p(x), see an
example in section 4.1, reduces to finding the vertex of the Bernstein
polytope which minimizes or maximizes the linear objective function
p(x), obtained after replacing the monomials not equal to 1 with the
corresponding LP variables. This is a LP problem with polynomial size
[22]. It is theoretically soluble in (weak) polynomial time with some
interior point method, or with the ellipsoid method; in practice, the
simplex method is very competitive.

LP can also be used to contract the box, while preserving roots, as
illustrated in Figure 6-right and in section 4.2. Each equation of the
system provides an equality in the LP variables. It is also possible to
account for algebraic inequalities in a very straightforward way: each
inequality provides a linear inequality in the LP variables. These equali-
ties and inequalities are used together with the inequalities defining the
Bernstein polytope, see [10] for further explanation. The new solver
that exploits the LP programming, is simpler than former solvers and
encompasses them; for instance, the method illustrated in section 3.4
becomes useless: in such cases, the feasible set of the LP problem is
empty, which is detected by the simplex algorithm.

The Bernstein polytope and LP method allow us to use Bernstein-
based solvers with large algebraic systems. The simplex method, as well
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14 Foufou, Michelucci

as other methods for LP, may suffer reliability problems due to rounding
errors of floating point numbers. This inaccuracy issue is studied and
solved in [19, 7].

An advantage of this approach is that it extends to non-algebraic
functions; for instance, for equations involving transcendentals like y =
expx or y = cos x, it can enclose the curve (x, y = exp x) or the curve
(x, y = cos x) in 2D convex polygons.

4.1. Bounding: 4x2 + x − 3, 0 ≤ x ≤ 1

To compute a lower and an upper bound of the polynomial p(x) =
4x2 +x− 3, for x ∈ [0, 1], minimize, and maximize, the linear objective
function: 4y+x−3 on the Bernstein polytope (the triangle in Figure 6)
enclosing the curve (x, y = x2), x ∈ [0, 1]. It becomes an LP problem,
after replacing x2 with y:

min p = 4y + x − 3, max p = 4y + x − 3
B0 = y − 2x + 1
B1 = −2y + 2x
B2 = y
x ≥ 0, y ≥ 0, B0 ≥ 0, B1 ≥ 0, B2 ≥ 0

Notations are self-explanatory. The simplex algorithm [3, 21] provides
the enclosure [−3, 2]:

min p = −3 + x + 4y
B0 = 1 − 2x + y
B1 = 2x − 2y
B2 = y

max p = 2 − 5B0 − 9/2B1

x = 1 − B0 − B1/2
y = 1 − B0 − B1

B2 = 1 − B0 − B1

Remember that variables on the right side (”not in base”) have values
0. Only the max part is commented. In max p = 2 − 5B0 − 9/2B1, the
value of p cannot be greater than 2: variables on the right side B0 and
B1 are zero, and increasing one of them or both will only decrease p
due to the negative coefficients −5B0−9/2B1 in the objective function.

Consequently, at vertex v0 = (0, 0) where B1 = B2 = 0, the polyno-
mial value is p0 = p(0) = −3; at vertex v1 = (1/2, 0) where B0 = B2 =
0, the polynomial value is p1 = p(1/2) = −3/2; at vertex v2 = (1, 1)
where B0 = B1 = 0, the polynomial value is p2 = p(1) = 2. These values
p0, p1, p2 are the coefficients in the Bernstein basis, or control points,
of p(x): p(x) = p0B0(x) + p1B1(x) + p2B2(x). This property extends
to all univariate polynomials. It is a consequence of the definition of
Bernstein polytopes. This property does not extend to multivariate
polynomials otherwise the Bernstein polytope would be bounded by an
exponential number of hyperplanes, see section 6.
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Using other inequalities (we use: B
(2)
1 (x) ≤ 1/2) often provides

tighter bounds. This feature is not compatible with the standard ap-
proach of TBB.

4.2. Solving: 4x2 + x − 3 = 0, x ∈ [0, 1]

This section shows how the solver reduces intervals or boxes containing
roots, for the simple equation 4x2 + x − 3 = 0 for x ∈ [0, 1]. Solving is
equivalent to finding the intersection points between the line 4y+x−3 =
0, and the curve (x, y = x2). This curve is enclosed in its Bernstein
polytope: the triangle of Figure 6. Intersecting the line and the triangle,
i.e. finding the min and max value of x, will reduce the interval for x;
it is the same LP problem as above, except we minimize and maximize
x. Solutions are:

min x = 3/5 + 2/5B1

x = 3/5 + 2/5B1

y = 3/5 − 1/10B1

B0 = 2/5 − 9/10B1

B2 = 3/5 − 1/10B1

max x = 7/9 − 4/9B0

x = 7/9 − 4/9B0

y = 5/9 + 1/9B0

B1 = 4/9 − 10/9B0

B2 = 5/9 + 1/9B0

Thus the interval [0, 1] for x has been reduced to [3/5, 7/9]. To
further reduce this interval, apply a scaling to map x ∈ [3/5, 7/9] to
X ∈ [0, 1]: x = 3/5 + (7/9 − 3/5)X = b + aX, and the equation in
X is: 4a2X2 + (8ab + b)X + (b − 3) = 0. LP is used again to reduce
the interval. Convergence around a regular root is very fast, but is not
discussed for sake of conciseness. A thorough treatment on convergence
is available in [18].[18,19].

Note that if the line does not cut the Bernstein polytope, then the
LP problem is not feasible and the interval [0, 1] contains no roots.

5. Generalization of Bernstein polytopes for higher degree

This section explains the generalization of the Bernstein polytopes for
higher degrees. The main idea is to consider all inequalities

0 ≤ B
(d1)
i1

(x1)B
(d2)
i2

(x2) . . . B
(dk)
ik

(xk) ≤ B
(d1)
i1

(i1/d1)B
(d2)
i2

(i2/d2) . . . B
(dk)
ik

(ik/dk)

which are relevant to the problem at hand, and to translate them
into the tensorial canonical basis. A LP variable is then associated to
each monomial in the tensorial canonical basis, and the two previous
inequalities provide two linear inequalities in the LP variables in a
straightforward way. The following examples illustrate this process.
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16 Foufou, Michelucci

In a first example, k = 2, d1 = d2 = 2, x1 = x, x2 = y. Then, using
symmetry to omit some inequalities for conciseness:

0 ≤ B0(x)B0(y) = (1 − x)2 × (1 − y)2 ≤ B0(0)B0(1) = 1
0 ≤ B0(x)B1(y) = (1 − x)2 × 2y(1 − y) ≤ B0(0)B1(1/2) = 1/2
0 ≤ B0(x)B2(y) = (1 − x)2 × y2 ≤ B0(0)B2(1) = 1
0 ≤ B1(x)B1(y) = 2x(1 − x) × 2y(1 − y) ≤ B1(1/2)B1(1/2) = 1/4
0 ≤ B1(x)B2(y) = 2x(1 − x) × y2 ≤ B1(1/2)B2(1) = 1/2
0 ≤ B2(x)B2(y) = x2y2 ≤ B1(1)B2(1) = 1

and expanding polynomials in each row, we get the following set of
inequalities:

0 ≤ x2y2 − 2xy2 − 2x2y + x2 + y2 + 4xy − 2x − 2y + 1 ≤ 1
0 ≤ −2x2y2 + 2x2y + 4xy2 − 4xy − 2y2 + 2y ≤ 1/2
0 ≤ x2y2 − 2xy2 + y2 ≤ 1
0 ≤ 4(x2y2 − x2y − xy2 + xy) ≤ 1/4
0 ≤ −2x2y2 + 2xy2 ≤ 1/2
0 ≤ x2y2 ≤ 1

In a second example, k = 3, d1 = 3, d2 = 2, d3 = 1, x1 = x, x2 = y, x3 =
z. Then:

0 ≤ B3
0(x)B2

0(y)B1
0(z) = (1 − x)3 × (1 − y)2 × (1 − z) ≤ B3

0(0)B2
0(0)B1

0(0) = 1
0 ≤ B3

0(x)B2
0(y)B1

1(z) = (1 − x)3 × (1 − y)2 × z ≤ B3
0(0)B2

0(0)B1
1(1) = 1

0 ≤ B3
0(x)B2

1(y)B1
0(z) = (1 − x)3 × 2y(1 − y) × (1 − z) ≤ B3

0(0)B2
1(1/2)B1

0(0) = 1/2
0 ≤ B3

0(x)B2
1(y)B1

1(z) = (1 − x)3 × 2y(1 − y) × z ≤ B3
0(0)B2

1(1/2)B1
1(1) = 1/2

0 ≤ B3
0(x)B2

2(y)B1
0(z) = (1 − x)3 × y2 × (1 − z) ≤ B3

0(0)B2
2(1)B1

0(0) = 1
0 ≤ B3

0(x)B2
2(y)B1

1(z) = (1 − x)3 × y2 × z ≤ B3
0(0)B2

2(1)B1
1(1) = 1

0 ≤ B3
1(x)B2

0(y)B1
0(z) = 3x(1 − x)2 × (1 − y)2 × (1 − z) ≤ B3

1(1/3)B2
0(0)B1

0(0) = 4/9
0 ≤ B3

1(x)B2
0(y)B1

1(z) = 3x(1 − x)2 × (1 − y)2 × z ≤ B3
1(1/3)B2

0(0)B1
1(1) = 4/9

0 ≤ B3
1(x)B2

1(y)B1
0(z) = 3x(1 − x)2 × 2y(1 − y) × (1 − z) ≤ B3

1(1/3)B2
1(1/2)B1

0(0) = 2/9
0 ≤ B3

1(x)B2
1(y)B1

1(z) = 3x(1 − x)2 × 2y(1 − y) × z ≤ B3
1(1/3)B2

1(1/2)B1
1(1) = 2/9

0 ≤ B3
1(x)B2

2(y)B1
0(z) = 3x(1 − x)2 × y2 × (1 − z) ≤ B3

1(1/3)B2
2(1)B1

0(0) = 4/9
0 ≤ B3

1(x)B2
2(y)B1

1(z) = 3x(1 − x)2 × y2 × z ≤ B3
1(1/3)B2

2(1)B1
1(1) = 4/9

0 ≤ B3
2(x)B2

0(y)B1
0(z) = 3x2(1 − x) × (1 − y)2 × (1 − z) ≤ B3

2(2/3)B2
0(0)B1

0(0) = 4/9
0 ≤ B3

2(x)B2
0(y)B1

1(z) = 3x2(1 − x) × (1 − y)2 × z ≤ B3
2(2/3)B2

0(0)B1
1(1) = 4/9

0 ≤ B3
2(x)B2

1(y)B1
0(z) = 3x2(1 − x) × 2y(1 − y) × (1 − z) ≤ B3

2(2/3)B2
1(1/2)B1

0(0) = 2/9
0 ≤ B3

2(x)B2
1(y)B1

1(z) = 3x2(1 − x) × 2y(1 − y) × z ≤ B3
2(2/3)B2

1(1/2)B1
1(1) = 2/9

0 ≤ B3
2(x)B2

2(y)B1
0(z) = 3x2(1 − x) × y2 × (1 − z) ≤ B3

2(2/3)B2
2(1)B1

0(0) = 2/9
0 ≤ B3

2(x)B2
2(y)B1

1(z) = 3x2(1 − x) × y2 × z ≤ B3
2(2/3)B2

2(1)B1
1(1) = 2/9

0 ≤ B3
3(x)B2

0(y)B1
0(z) = x3 × (1 − y)2 × (1 − z) ≤ B3

3(1)B2
0(0)B1

0(0) = 1
0 ≤ B3

3(x)B2
0(y)B1

1(z) = x3 × (1 − y)2 × z ≤ B3
3(1)B2

0(0)B1
1(1) = 1

0 ≤ B3
3(x)B2

1(y)B1
0(z) = x3 × 2y(1 − y) × (1 − z) ≤ B3

3(1)B2
1(1/2)B1

0(0) = 1/2
0 ≤ B3

3(x)B2
1(y)B1

1(z) = x3 × 2y(1 − y) × z ≤ B3
3(1)B2

1(1/2)B1
1(1) = 1/2

0 ≤ B3
3(x)B2

2(y)B1
0(z) = x3 × y2 × (1 − z) ≤ B3

3(1)B2
2(1)B1

0(0) = 1
0 ≤ B3

3(x)B2
2(y)B1

1(z) = x3 × y2 × z ≤ B3
3(1)B2

2(1)B1
1(1) = 1

There are other possible bounds for polynomials. In his PhD [2],
Olivier Beaumont bounds f(x) = xk − xk+1, for x ∈ [0, 1], as follows:
since f ′(x) = kxk−1 − (k + 1)xk = xk−1(k − (k + 1)x) vanishes at
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x = k/(k + 1), then f(x) is maximum at x = k/(k + 1) and is equal
to kk/(k + 1)k+1. To correlate the xi (each xi is represented with a
LP-variable xi in a LP problem) Beaumont uses the constraints xk −
xk+1 ≤ kk/(k +1)k+1; each of these constraints is represented with the
linear constraint 0 ≤ xk − xk+1 ≤ kk/(k + 1)k+1. The obtained bounds
are related to Tchebychev polynomials. For multivariate polynomials,
Beaumont uses the tensorial product, like for the Bernstein polytope.
Beaumont’s polytope is less tight than the Bernstein polytope; they
have the same complexity (number of hyperplanes). Of course, it is
possible to use both Bernstein and Beaumont inequalities.

6. Polytope-based versus TBB-based bounds

For a multivariate polynomial, the classical TBB bounds are its smallest
and its greatest coefficient in the TBB. These bounds can also be ex-
pressed as two LP problems, with, unfortunately, exponential size. Pose
x = (x1, . . . xn), D is the set of multi-degrees: D = [0, d1] × . . . [0, dn]
and the multivariate polynomial is

p(x) =
∑

α∈D
cαxα =

∑

α∈D
pαB(D)

α (x)

with the usual notation xα = xα1
1 . . . xαn

n , i.e. its coefficients in the
tensorial canonical basis are cα and its coefficients in the TBB are pα.
Then the TBB simplex is the set of points in R|D| with coordinates bα

and constrained with:
∑

α∈D bα = 1 and 0 ≤ bα, for all α ∈ D (it implies

that bα ≤ 1). The bα are LP unknowns corresponding to the B
(D)
α (x).

Then min
∑

α∈D pαbα, and max
∑

α∈D pαbα are obviously equal to the
classical TBB bounds. The TBB simplex has an exponential number of
vertices and hyperfaces: |D| =

∏n
i=1(1+di). It may seem at first glance

that expressing the classical TBB bounds as two LP problems on the
TBB simplex brings nothing. However, it has two advantages: First,
it becomes apparent that the TBB simplex can be tightened, because
all except one bα are strictly less than 1, and it is easy to compute the

greatest value Mα of bα, i.e. the greatest value of B
(D)
α (x) for x ∈ [0, 1]n.

Thus it is possible to find better bounds than the classical TBB bounds.
The TBB simplex is no more a simplex after all these clippings bα ≤
Mα. Second, this polytope-based formulation allows us to unify the
classical TBB bounds with other enclosing methods which are polytope-
based and resort to linear p rogramming, and thus to compare pros and
cons of all these polytopes. The study in [8] concluded that Bernstein
polytope, or some variant, is the best trade off: it is defined with O(nd)
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hyperplanes where d = max |α| = max
∑n

i=1 αi is the maximal partial
degree of involved monomials xα (for quadratic system, d = 2, and there
is O(n2) hyperplanes), while the TBB simplex is defined with (d + 1)n

hyperplanes (e.g. 3n hyperplanes for quadratic systems, i.e. when d =
2), or, dually, as the convex hull of its (d + 1)n vertices which has the
same exponential complexity; though the definition of the Bernstein
polytope is polynomial space, it still has an exponential number of
vertices (see [8]), which is required to obtain sharp bounds. Moreover
in some cases, the Bernstein polytope provides sharper bounds than
the classical TBB bounds.

7. Conclusion

This paper discussed the use of tensorial Bernstein basis in geometric
constraint solving. Current Bernstein-based solvers are very compet-
itive for small systems and are routinely used in computer graphics,
for instance for ray tracing implicit algebraic surfaces f(x, y, z) = 0
(e.g. torii), and for ray tracing polynomial or rational patches. Current
Bernstein solvers compute all coefficients in the tensorial Bernstein
basis; since the number of these coefficients is exponential, these solvers
cannot be used with more than six unknowns. This paper has shown
how the Bernstein polytopes and linear programming make it possible
to compute an enclosure (the lower and upper bounds) of the values of a
multivariate polynomial over [0, 1]n. The Bernstein polytope and linear
programming also make it possible to reduce boxes while preserving
contained roots, and to solve polynomial systems with arbitrary size.
Moreover, these new solvers are simpler and can be extended to handle
transcendental functions.
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Abstract

Every multivariate polynomial p(x), x = (x1, . . . , xn) ∈ [0, 1]n, is enclosed in
the interval given by the smallest and the greatest of its coefficients in the
Tensorial Bernstein Basis (TBB). Knowing that the total number of these
TBB coefficients is exponential with respect to the number of variables n,∏n

i=1(1 + di), even if all partial degrees di equal 1, a combinatorial problem
arises: is it possible to compute in polynomial time the smallest and the
greatest coefficients? This article proves that the 3-SAT problem, known to
be NP-complete, polynomially reduces to the above defined combinatorial
problem, which let us consequently conclude that this problem is NP-hard.

Keywords: Bernstein polynomials, tensorial Bernstein basis, combinatorial
complexity.

1. Introduction

Multivariate polynomials are frequently used in formalizing and solving var-
ious engineering and physical science problems.

Expressing a multivariate polynomial p(x), x = (x1, . . . xn) ∈ Rn in the
Tensorial Bernstein Basis (TBB) gives a tight enclosure of p(x ∈ [0, 1]n): the
smallest coefficient in the TBB is a lower bound of p(x ∈ [0, 1]n), and the
greatest coefficient in the TBB is an upper bound. The lower (upper) bound
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is exact, i.e. it is reached, when the smallest (greatest) coefficient is related
to a vertex of the hypercube [0, 1]n, as explained in the next section. For
multivariate polynomials with all partial degrees at most 1, the lower and
the upper bounds are exact, see section §3.

However, a combinatorial problem arises, the number of TBB coefficients is
exponential with respect to the number of variables:

∏n
i=1(1+di) where di is

the partial degree of p in xi. Even if all partial degrees di equal 1, the number
of coefficients, i.e. the cardinality of the TBB, is exponential, it is equal to
2n. We are only interested in the smallest and the greatest coefficients. We
call this problem the Bernstein Combinatorial Problem (BCP). The acronym
BCP will be used to refer to this problem throughout the remaining part of
this paper.

The naive method to solve BCP computes all TBB coefficients, and then
finds the smallest and the greatest ones. Each TBB coefficient is a linear
combination of the m non-zero monomial coefficients in the canonical basis.
It is polynomial time, assuming that m is polynomial in n, i.e. that the
polynomial is sparse in the canonical basis. Weights in the linear combination
are products of binomial coefficients and are given in standard formulas in
section §2. The naive method is clearly exponential and can be used only for
small polynomial systems, say n ≤ 6 or 7, with low degree. It is sufficient for
some classical problems in computer graphics. But, in many new domains of
computer graphics or computer engineering like geometric constraint solving,
some problems need to solve polynomial systems with hundreds or thousands
of unknowns. Therefore it becomes essential to know the complexity of the
BCP.

In this study, we consider the complexity of the BCP, and show that most
likely it is not possible to solve it in polynomial time, by proving that the
3-SAT problem polynomially reduces to the BCP, thus the latter is NP-
hard. 3-SAT, NP-completeness, NP-hardness and complexity theory are ex-
plained in textbooks such as [1, 2]. The paper is organized as follows: Section
§2 presents tensorial Bernstein bases and the BCP. Section §3 presents the
polynomial reduction of the 3-SAT problem to the BCP. To the best of our
knowledge this result is new. Section §4 presents the principles of some
workarounds. Section §5 concludes the paper.
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2. Tensorial Bernstein bases

Knowledgeable readers can skip this section, Farin’s textbook presents the
material included hereunder in more details [3].

For univariate degree d polynomials, Bernstein polynomialsB
(d)
0 (x), . . . B

(d)
d (x)

form a basis, and are defined with:

B
(d)
i (x) =

(
d

i

)
xi(1− x)d−i , i = 0, . . . d

Clearly, for x ∈ [0, 1] they are always non-negative and smaller than or
equal to 1. Moreover, their sum equals 1 for every x, because of Newton’s
expansion:

1d = (x+ (1− x))d =
d∑

i=0

(
d

i

)
xi(1− x)d−i =

d∑

i=0

B
(d)
i (x)

Thus for x ∈ [0, 1], p(x) =
∑
piBi(x) is a linear convex combination of the

pi. So p(x ∈ [0, 1]) belongs to [min pi,max pi]. Moreover, since p(0) = p0,
if p0 is the smallest (or greatest) coefficient, this lower (or upper) bound is
exact, i.e. it is reached. Similarly, p(1) = pd, so if pd is the smallest (or
greatest) coefficient, this lower (or upper) bound is exact.

Standard formulas [3, 4] shown below give the linear mapping (i.e. rep-
resentable with a square invertible matrix) which converts an univariate
polynomial from the canonical basis (x0, x1, . . . xd) to the Bernstein basis

(B
(d)
0 (x), . . . B

(d)
d (x)):

xk =
1(
d
k

)
d∑

i=k

(
i

k

)
B

(d)
i (x) , k = 0, . . . d

x =
1

d

d∑

i=0

i B
(d)
i (x)

x0 = 1 =
d∑

i=0

B
(d)
i (x) : their sum equals 1.

A consequence of these formulas is that the graph of a polynomial p(x), x ∈
[0, 1], i.e. the curve y = p(x) for x ∈ [0, 1], lies inside the convex hull of the
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d + 1 points ( i
d
, pi), i = 0, . . . d, called “control points” in Computer Aided

Design [5] or Computer Graphics. Indeed

x =
d∑

i=0

i

d
B

(d)
i (x)

If each pi is a point in Rk space, then p(x ∈ [0, 1]k) describes an arc of curve
in Rk, each point of which is a convex combination of the pi i = 0, . . . d; so
this curve lies in the convex hull of the points pi, pi ∈ Rk; this curve is called
a Bézier curve, and is often used in Computer Aided Design [5]. Numerous
interactive graphic software systems enable designers to edit such curves, by
selecting and dragging its control points; the curve is refreshed and displayed
in interactive time.

For two variables x1 and x2, the tensorial Bernstein basis, with degree d1 in
x1 and degree d2 in x2 is:

B
(d1,d2)
i1,i2

(x1, x2) = B
(d1)
i1

(x1)B
(d2)
i2

(x2)

and is the tensorial product:

(B
(d1)
0 (x1), B

(d1)
1 (x1), . . . B

(d1)
d1

(x1)) ⊗ (B
(d2)
0 (x2), B

(d2)
1 (x2), . . . B

(d2)
d2

(x2))

For short, B
(d1)
i1

(x1)B
d2
i2

(x2) is denoted B
(d1,d2)
i1,i2

(x) where x stands for (x1, x2).
Degrees (d1, d2) can be omitted if no confusion is possible. Similarly the

coefficient of B
(d1,d2)
i1,i2

(x) is denoted pi1,i2 , or pi where i is a multi index i =
i1, i2.

The convex hull property still holds:

min pi1,i2 ≤ p(x1, x2) ≤ max pi1,i2

for (x1, x2) ∈ [0, 1]2.

The square domain [0, 1]2 has 22 vertices: (0, 0), (0, 1), (1, 0), (1, 1), and
p(0, 0) = p0,0, p(0, 1) = p0,d2 , p(1, 0) = pd1,0, p(1, 1) = pd1,d2 . When the index
of the smallest (greatest) TBB coefficient is a vertex in {p0,0, p0,d2 , pd1,0,
pd1,d2} the lower (upper) bound of p(x ∈ [0, 1]2) is exact.

A trivial but key remark for the proof in the next section is: when all degrees
d1, d2, . . . dn equal 1, all coefficients indices in the TBB are vertices. Thus
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the lower (upper) bound given by the smallest (greatest) TBB coefficient is
exact, and is reached at the corresponding vertex of the hypercube [0, 1]n.

Bézier patches used in Computer Aided Design [3, 5] are parametric algebraic
surfaces:

S = {(x, y, z) | x = f(x1, x2), y = g(x1, x2), z = h(x1, x2), (x1, x2) ∈ [0, 1]2}

where polynomials f, g, h are given in the TBB. 3D coefficients (fi1,i2 , gi1,i2 ,
hi1,i2) in the TBB are called control points. Again, users can interactively
edit patches, by selecting and dragging control points.

Similarly, for n variables x1, . . . xn, the tensorial Bernstein basis with par-
tial degrees di in xi is the tensor product of the univariate Bernstein bases
B(di)(xi); its cardinality is the product of the partial degrees plus one:

∏n
i=1(1+

di). It is clearly exponential with n, the number of variables. If all di = 1, it
is 2n. Thus even in the multilinear case, the TBB has an exponential number
of basis functions and coefficients.

The convex hull property of the univariate Bernstein basis extends to the
TBB, and p(x), x = (x1, . . . xn) ∈ [0, 1]n lies in [min pi,max pi], here i is a
multi index i = i1, i2, . . . in. Moreover, if the index of the smallest (greatest)
TBB coefficient is a vertex of the hypercube [0, 1]n, then this lower (upper)
bound is exact. It is the case when the multivariate polynomial is multilinear,
i.e. all its partial degrees in all variables equal at most one.

Thus expressing a polynomial into the TBB gives a (usually tight) enclo-
sure of p([0, 1]n). Some variable change permits to compute enclosures of p
over any box: see [3] for details and Casteljau’s method. These convenient
properties are intensively used in Computer Aided Design, for solving alge-
braic systems, computing intersection curves or points between 3D algebraic
surfaces, ray tracing implicit algebraic surfaces (given by their polynomial
equation p(x, y, z) = 0) or Bézier patches [6, 7, 8, 9]. However, n is low in
these Computer Aided Design problems.

When one wants to use the TBB for larger n, one faces the Bernstein combi-
natorial problem: there is an exponential number of Bernstein polynomials
(and coefficients) in the TBB, and we are interested only with the smallest
and the greatest one. The multi index of the smallest and the greatest TBB
coefficient are unknown. Is it possible to compute these two TBB coefficients
in polynomial time? or: what is the complexity of the BCP?

The rest of this article considers, without loss of generality, only the compu-
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tation of the smallest coefficient in the TBB: the greatest coefficient for p is
just the opposite of the greatest coefficient of −p. Thus both problems are
equivalent in complexity.

Polynomials are usually sparse in the tensorial canonical basis: their size is
polynomial in n. For the reduction below, they are O(n3). They are no
more sparse in the TBB. For instance, all TBB coefficients of the constant
polynomial p(x) = 1 are equal to 1. The exponential size of this polynomial
in the TBB is the main reason for the NP-hardness of the BCP.

Example. We consider now an example with n = 2 for simplicity, with
d1 = d2 = 2, x1 is renamed x, and x2 is renamed y. Consider the polynomial

p(x, y) = 7 + 8x+ 3y + 2xy + 4x2 − 5y2 = 7x0y0

+8x1y0 + 3x0y1 + 2x1y1 + 4x2y0 − 5x0y2

The formulas for converting from the canonical basis to the Bernstein basis
are:

1 = 1 B0(x) + 1 B1(x) + 1 B2(x)
x = 0 B0(x) + 1/2 B1(x) + 1 B2(x)
x2 = 0 B0(x) + 0 B1(x) + 1 B2(x)
1 = 1 B0(y) + 1 B1(y) + 1 B2(y)
y = 0 B0(y) + 1/2 B1(y) + 1 B2(y)
y2 = 0 B0(y) + 0 B1(y) + 1 B2(y)

For simplicity, we note Xk = Bk(x) and Yk = Bk(y). The TBB is: {X0Y0,
X0Y1, X0Y 2, X1Y0, X1Y1, X1Y 2, X2Y0, X2Y1, X2Y2}, and contains 9 ele-
ments. To compute the coefficient of, say X1Y2, we must multiply row by
row in the next tableau the content of the column of coefficients with the
content of the column X1 and with the content of the column Y2. Then we
compute the sum of the obtained (rightmost) column, which gives 10 here.
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7x0y0 = 7× (1X0 + 1X1 + 1X2)× (1Y0 + 1Y1 + 1Y2) = . . .+ 7 X1Y2 + . . .

4x2y0 = 4× (0X0 + 0X1 + 1X2)× (1Y0 + 1Y1 + 1Y2) = . . .+ 0 X1Y2 + . . .

8x1y0 = 8× (0X0 + 1/2X1 + 1X2)× (1Y0 + 1Y1 + 1Y2) = . . .+ 4 X1Y2 + . . .

3x0y1 = 3× (1X0 + 1X1 + 1X2)× (0Y0 + 1/2Y1 + 1Y2) = . . .+ 3 X1Y2 + . . .

2x1y1 = 2× (0X0 + 1/2X1 + 1X2)× (0Y0 + 1/2Y1 + 1Y2) = . . .+ 1 X1Y2 + . . .

4x2y0 = 4× (0X0 + 0X1 + 1X2)× (1Y0 + 1Y1 + 1Y2) = . . .+ 0 X1Y2 + . . .

−5x0y2 = −5× (1X0 + 1X1 + 1X2)× (0Y0 + 0Y1 + 1Y2) = . . .− 5 X1Y2 + . . .

3. Reduction of 3-SAT to the Bernstein combinatorial problem

For a given multivariate polynomial p(x) in n variables x = (x1, . . . xn), and
with polynomial size in n in the canonical basis, the BCP is to compute the
smallest TBB coefficient, i.e. the smallest coefficient of p in the tensorial
Bernstein basis.

We assume for simplicity that p is given in the tensorial canonical base, and
that it is sparse enough, so that its size is polynomial in n; in the reduction
below of 3-SAT to BCP, this size is O(n3). Actually, any representation of p
with polynomial size in n is appropriate, for instance a straight line program
representation, also called DAG (Directed Acyclic Graph) representation.

This section proves that the BCP is NP-hard by reducing, in polynomial time,
any instance of the NP-complete 3-SAT problem to the BCP. The following
three lemmas L1, L2 and L3 will be needed to reduce the 3-SAT problem to
BCP.

Let p(x) be a multilinear polynomial in n variables x = (x1, . . . xn). From now

on, we will omit superscripts in the univariate case in B
(1)
v (xk), v ∈ {0, 1},

and in the multivariate case in B
(1n)
v (x), x = (x1, . . . xn), v ∈ {0, 1}n.

Lemma L1. In the univariate and in the multivariate cases, Bv(v) = 1 for
all v ∈ {0, 1}n, and Bv(w) = 0 when w 6= v, with w ∈ {0, 1}n.

Proof. First, consider the case n = 1, we have B0(x) = 1−x and B1(x) = x,
thus for any v in {0, 1}, Bv(v) = 1 and Bv(1−v) = 0. Thus Lemma L1 holds
in the univariate case.
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Second, consider the case n > 1. Let v ∈ {0, 1}n be a vertex or a multi
index: vi ∈ {0, 1}. Then Bv(v) = Bv1(v1) . . . Bvn(vn) = 1 because every
Bvk(vk) equals 1 after Lemma L1 in the univariate case. Consider now a
multi index or vertex w ∈ {0, 1}n not equal to v; thus vk = 1− wk for some
integer k, 1 ≤ k ≤ n; then Bv(w) = Bv1(w1) . . . Bvk(wk) . . . Bvn(wn) = 0
because Bvk(wk) = Bvk(1 − vk) = 0 after Lemma L1 in the univariate case.
Thus Bv(v) = 1 and Bw(v) = 0 when w 6= v, in the multivariate case as well.
QED.

Lemma L2. p(x) =
∑

v∈{0,1}n p(v)Bv(x)

Proof. Express p(x) in the TBB:

p(x) =
∑

v∈{0,1}n
pvBv(x)

We want to prove that pv = p(v).

p(v) =
∑

w∈{0,1}n
pwBw(v) (1)

= pvBv(v) +
∑

w 6=v

pwBw(v) but w 6= v ⇒ Bw(v) = 0 by L1. (2)

= pvBv(v) but Bv(v) = 1 by L1. (3)

= pv (4)

Which terminates the proof of Lemma L2 showing that p(v) = pv for each
vertex v ∈ {0, 1}n. QED.

Let ps be the smallest TBB coefficient of p (or one of the smallest, if there
are many), its multi index is the vertex s of {0, 1}n; similarly let pg be the
greatest TBB coefficient of p (or one of the greatest, if there are many), its
multi index is the vertex g of {0, 1}n.

Lemma L3. p([0, 1]n) = [ps, pg]. In words, for a multilinear polynomial,
the smallest and the greatest of its TBB coefficients give the exact range of
p([0, 1]n).

Proof. We already know that p([0, 1]n) ⊂ [ps, pg]: it is a classical prop-
erty of TBB. Now, after Lemma L2, ps = p(s) and the vertex s belongs
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to the hypercube [0, 1]n. Similarly, pg = p(g) and the vertex g belongs to
the hypercube [0, 1]n. Thus p([0, 1]n) ⊂ [p(s), p(g)] and we conclude that
p([0, 1]n) = [p(s), p(g)]. QED.

We can now reduce the 3-SAT problem to BCP as follows:

Theorem. BCP is NP-hard.

Proof. Let P (x) be an instance of the 3-SAT problem. We first encode the 3-
SAT problem into a multilinear polynomial p = φ(P ): φ maps boolean values
to {0, 1}, boolean unknowns xi to variables xi (for convenience and simplicity,
we use the same names for boolean and numeric unknowns), clauses to clausal
polynomials, and 3-SAT problems to 3-SAT polynomials as follows: define
T = true and F = false. We use φ(T ) = 0 and φ(F ) = 1. Though it may
seem counter-intuitive, this convention is convenient: for v ∈ {0, 1}n, the
polynomial p(v) will count the number of clauses violated by the assignment
φ−1(v). The polynomial p = φ(P ) is the sum of the clausal polynomials of
all clauses in P . The clausal polynomial is defined as follows:

• p(x, y, z) = φ(x ∨ y ∨ z) = xyz. Thus

p(φ(F ), φ(F ), φ(F )) = p(1, 1, 1) = 1

for the unique assignment which violates the clause, and p vanishes for
the other 7 assignments.

• p(x, y, z) = φ(x ∨ y ∨ ¬z) = xy(1− z) = xy − xyz. Thus

p(φ(F ), φ(F ), φ(T )) = p(1, 1, 0) = 1

for the unique assignment which violates the clause, and p vanishes for
the other 7 assignments.

• p(x, y, z) = φ(x ∨ ¬y ∨ ¬z) = x(1− y)(1− z) = x− xy − xz + xyz.
Thus

p(φ(F ), φ(T ), φ(T )) = p(1, 0, 0) = 1

for the unique assignment which violates the clause, and p vanishes for
the other 7 assignments.
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• p(x, y, z) = φ(¬x ∨ ¬y ∨ ¬z) = (1−x)(1− y)(1− z) = 1 +xy+xz+
yz − xyz. Thus

p(φ(T ), φ(T ), φ(T )) = p(1, 1, 1) = 1

for the unique assignment which violates the clause, and p vanishes for
the other 7 assignments.

Thus, the clausal polynomial equals 1 for the assignment which violates the
clause, and vanishes for assignments which satisfy the clause. Moreover, each
clausal polynomial is size O(1) in the tensorial canonical basis. The 3-SAT
polynomial p(x) = (φ(P ))(x) of a 3-SAT instance P (x) is the sum of all
clausal polynomials of every clause of P ; thus p(v) counts the number of
clauses violated by the assignment φ−1(v).

The 3-SAT polynomial p has the following properties:

• p is multilinear: all partial degrees with respect to each variable xi are
1.

• The total degree of p(x) is 3: each monomial in the tensorial canonical
basis involves zero, one, two, or three variables.

• The total degree of the TBB is n. Indeed, the TBB can represent
polynomials x1x2 . . . xn, . . . (1−x1)(1−x2) . . . (1−xn), the total degree
of which is n.

• If the 3-SAT instance P has K clauses, the size of the 3-SAT polynomial
p is O(K) in the tensorial canonical basis, which is the size of the 3-SAT
instance P in the 3-CNF (Conjunctive Normal Form).

• K = O(n3): there are n(n − 1)(n − 2)/6 triples of distinct variables
amongst n unknowns xi, and there are 23 = 8 possible clauses for
each triple, because each variable xi appears either negatively (¬xi) or
positively (xi). O(n3) is also the size of the 3-SAT polynomial p in the
tensorial canonical basis. This is polynomial in n.

• In the TBB, p(x) is defined by 2n coefficients, one coefficient for each
vertex, or multi index, in {0, 1}n. Thus the representation of p in
the TBB has exponential size. The TBB coefficients of p are integers,
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in [0, K]: remember that for an assignment V and the corresponding
vertex v = φ(V ) ∈ {0, 1}n, the coefficient pv = p(v) is the number
of clauses of P violated by the assignment V . Thus pv = p(v) is an
integer in [0, K]. As usual, we assume for simplicity that the size of K
is constant.

• p(v) counts the number of clauses violated by the assignment φ−1(v).

We can now proceed to the reduction of the 3-SAT problem to the BCP. Let
P be the 3-SAT instance in n variables, and p = φ(P ) be the corresponding
3-SAT polynomial, represented in the tensorial canonical basis, so that P and
p have both size O(K) = O(n3) which is polynomial in n. Assume that we
can compute, in polynomial time, the value ps of the smallest TBB coefficient
of p (or one of the smallest TBB coefficients, if there are many). Moreover,
by Lemma L2, ps is the value p(s) of p at some vertex s of the hypercube
[0, 1]n. If ps is zero, the 3-SAT instance P is satisfiable: the assignment
φ−1(s) satisfies P . If ps is non zero, it is the smallest number of violated
clauses, thus K − ps is the maximum number of satisfiable clauses: we have
solved in polynomial time the 3-SAT problem, but 3-SAT is NP-complete,
thus the BCP is NP-hard. QED.

Example. Which boolean values of x, y, z, t satisfy the problem P :

(C1 : x ∨ y ∨ z) ∧ (C2 : x ∨ y ∨ z̄) ∧ (C3 : x ∨ ȳ ∨ z) ∧
(C4 : x̄ ∨ y ∨ t) ∧ (C5 : x̄ ∨ ȳ ∨ t̄) ∧ (C6 : x ∨ ȳ ∨ z̄) ∧ (C7 : x̄ ∨ y ∨ z)

Clauses are numbered C1, . . . C7 for convenience. P is satisfied with these 3
assignments:

(x, y, z, t) ∈ {(T, T, T, F ), (T, T, F, F ), (T, F, T, T )}
where T is true and F is false. The 7 clausal polynomials are given below,
in the tensorial canonical base, and in the TBB B(14)(x, y, z, t):

φ(C1 : x ∨ y ∨ z) = xyz = B1110 +B1111

φ(C2 : x ∨ y ∨ z̄) = xy(1− z) = B1100 +B1101

φ(C3 : x ∨ ȳ ∨ z) = x(1− y)z = B1010 +B1011

φ(C4 : x̄ ∨ y ∨ t) = (1− x)yt = B0101 +B0111

φ(C5 : x̄ ∨ ȳ ∨ t̄) = (1− x)(1− y)(1− t) = B0000 +B0010

φ(C6 : x ∨ ȳ ∨ z̄) = x(1− y)(1− z) = B1000 +B1001

φ(C7 : x̄ ∨ y ∨ z) = (1− x)yz = B0110 +B0111
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Remark: in this example, n = 4, which is too small to make visible the expo-
nential growth of the size of the TBB, relatively to the size of the tensorial
canonical basis. This growth is due to the fact that the constant polynomial
1 does not belong to the TBB, and must be converted. For instance, for the
first line, clause C1: xyz = B1(x)B1(y)B1(z)(B0(t) +B1(t)) = B1110 +B1111.
In the general case, expressing a clausal polynomial in the TBB requires 2n−3

Bernstein polynomials.

The 3-SAT polynomial φ(P ) of the problem P , i.e. the sum of all φ(Ck), is:

B0000 +B0010 +B0101 +B0110 + 2B0111 +B1000 +B1001

+B1010 +B1011 +B1100 +B1101 +B1110 +B1111

where Bu are sorted in lexicographic order for convenience. The TBB coef-
ficients are zero for:

• B0001, thus φ−1(0, 0, 0, 1) = (T, T, T, F ) satisfies P .

• B0011, thus φ−1(0, 0, 1, 1) = (T, T, F, F ) satisfies P .

• B0100, thus φ−1(0, 1, 0, 0) = (T, F, T, T ) satisfies P .

The greatest TBB coefficient in the 3-SAT polynomial is 2, for B0111, thus the
corresponding assignment: φ−1(0, 1, 1, 1) = (T, F, F, F ) maximizes the num-
ber of unsatisfied clauses (these 2 non-satisfied clauses are C4 : x̄ ∨ y ∨ t⇒
φ(C4) = (1−x)yt = B0101+B0111 and C7 : x̄ ∨ y ∨ z ⇒ φ(C7) = (1−x)yz =
B0110 +B0111).

Before concluding this section, we note the following remarks:

Remark 1. Satisfying a 3-SAT problem P (x), x = (x1, . . . xn) is equiva-
lent to solving the algebraic system: p(x) = 0, x2i − xi = 0 ∀i = 1, . . . n
where p = φ(P ). Clearly if x∗ is a root of this system, then the assignment
φ−1(x∗) satisfies the problem P (x). This reduction permits to measure the
complexity of solving polynomial systems, and of devoted algorithms like the
Buchberger algorithm which computes Gröbner bases (also called standard
bases). Our result is compatible with previous ones, like the complexity of
the ideal membership problem.

Remark 2. Our result of the NP-hardness of BCP is also consistent with
Gaganov theorem [10] which proves that computing the range of a multivari-
ate polynomial over a box is NP-hard.
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Remark 3. An anonymous reviewer noticed that, actually, the previous proof
of the NP-hardness of BCP polynomially reduces MAX-3-SAT to BCP: the
MAX-3-SAT is to compute the maximum number of satisfiable clauses, and
3-SAT is its decision version. Thus the theory of hardness of approximation,
which considers the complexity of approximating problems like MAX-3-SAT,
may shed some light on the complexity of approximating BCP, for instance
with some non trivial bounds. However, the NP-hardness of BCP is sufficient
for our purpose, which is to show that tensorial Bernstein bases do not scale
for large n.

In conclusion, this section reduced in polynomial time the 3-SAT problem
to the BCP. But 3-SAT is a well known NP-complete problem [2], thus the
BCP is NP-hard. If the conjecture P 6= NP (as usually assumed) holds, then
there is no polynomial time algorithm for BCP, and for tight approximations
of BCP. Conversely, if a polynomial time method is discovered for the BCP,
it will solve in polynomial time all NP-complete problems, e.g. 3-SAT. It
will also solve the MAX-3-SAT problem in polynomial time, and make the
complexity hierarchy collapse.

4. Workarounds

This section presents the principles of some workarounds, for bypassing the
BCP. When the number n of variables is small, in practice less than 7, it is
possible to compute all coefficients in the TBB [6, 7, 11].

For greater but moderate n, Andrew P. Smith [12] proposes a lazy scheme:
three tests (monotonicity, uniqueness, and dominance) dramatically reduce
the number of computed Bernstein coefficients for “the types of polynomials
encountered in global optimization problems”, to quote Smith. However the
method is still exponential in the worst cases, since the BCP is NP-hard. All
that is consistent with the well known fact that not all instances of the SAT
problem are hard.

Patrikalakis et al [13] use the simplicial (or barycentric) Bernstein basis,
instead of the tensorial Bernstein basis. The barycentric Bernstein basis
has a polynomial number of elements. However its domain is a simplex,
i.e. the smallest and the greatest coefficients bound the possible values of
a polynomial not inside the hypercube [0, 1]n, but inside the simplex 0 ≤
xi,
∑
xi = 1. It is not as convenient as an hypercube or box [14, 15].
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In [16, 17, 18, 19, 20] Michelucci et al. propose another, polynomial time,
workaround, which relies on the definition of a Bernstein polytope. For
example, for degree 2 multivariate polynomials, the manifold Q ⊂ RN , N =
n+ n(n+ 1)/2:

Q = {(x1, . . . xn, x11 = x21, . . . xnn = x2n, x12 = x1x2, . . . xn−1,n = xn−1xn)}

where (x1, . . . xn) ∈ [0, 1]n, is first enclosed in a polytope (convex and bounded
polyhedron) bounded with a polynomial number of hyperplanes: each hyper-
plane is given by the non-negativity of a Bernstein polynomial, namely:

0 ≤ B
(2)
0 (xk) = (1− xk)2 = x2k − 2xk + 1

⇒ 0 ≤ xkk − 2xk + 1 ∀k ∈ [1, n]

0 ≤ B
(2)
1 (xk) = 2xk(1− xk)⇒ 0 ≤ 2xk − 2xkk

0 ≤ B
(2)
2 (xk) = x2k ⇒ 0 ≤ xkk

0 ≤ B
(1)
0 (xi)B

(1)
0 (xj) = (1− xi)(1− xj)

⇒ 0 ≤ 1− xi − xj + xij ∀i ∈ [1, n− 1]∀j ∈ [i+ 1, n]

0 ≤ B
(1)
0 (xi)B

(1)
1 (xj) = (1− xi)xj ⇒ 0 ≤ xj − xij

0 ≤ B
(1)
1 (xi)B

(1)
0 (xj) = xi(1− xj)⇒ 0 ≤ xi − xij

0 ≤ B
(1)
1 (xi)B

(1)
1 1(xj) = xixj ⇒ 0 ≤ xij

It is possible to add n inequalities: B2
1(xk) ≤ 1/2. The Bernstein polytope

can be defined for higher degrees, and for sparse polynomials its complexity
(its number of hyperplanes) remains polynomial. Indeed, not all Bernstein
polynomials are used, for instance in the previous example, the inequalities
0 ≤ B

(2)
i1

(x1) . . . B
(2)
in

(xn), ik ∈ {0, 1, 2}, k ∈ [1, n] are unused. Computing
polynomial ranges for p(x ∈ [0, 1]n), or reducing the domain x ∈ [0, 1]n (i.e.
computing minxi,maxxi,∀i ∈ [1, n]) while preserving included roots of a
given polynomial system F (x) = 0, becomes Linear Programming problems
in the N variables xi, xii, xij. Linear Programming is solvable in polynomial
time (not strongly polynomial, though) with the ellipsoid method, as realized
by Khachiyan [21, 22, 23] or with a bounding simplex method as realized by
Levin and Yamnitsky [24]. In practice, these Linear Programming problems
are solved with the Dantzig simplex method or better the revised simplex
method [23], or with interior point methods. Note that, since this workaround
is polynomial time, the intervals it provides are usually, but not always, less
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tight than the intervals provided by the smallest and greatest coefficients in
the TBB [19].

Though polynomial time, Linear Programming is costly. Maybe linear al-
gebra is sufficient? Our first experiments suggest that resorting to Linear
Programming cannot be avoided for problems in high dimension. Thus we
are currently implementing Linear Programming methods on a Graphics Pro-
cessing Unit (GPU).

5. Conclusion

This paper proves that computing the smallest or the greatest TBB coefficient
of a sparse multivariate polynomial (i.e. with polynomial size) is NP-hard.
It means, in practice, that the tensorial Bernstein bases do not scale well
when n, the number of variables, increases. Several workarounds are also
presented.
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Chapter 3

Witness computation

This chapter presents a research outcome that was submitted in February
2012 to the Symposium on Solid and Physical Modeling (SPM) 2012. The
review comments suggested few improvements of this paper, we have revised
the paper accordingly and resubmitted it to the journal of computers and
mathematics with applications, Elsevier [7].

In geometric constraint solving, the constraints are represented with an equa-
tion system F (U,X) = 0, where X denotes the unknowns and U denotes a set
of parameters. The target solution for X is noted XT . A witness is a couple
(UW , XW ) such that F (UW , XW ) = 0. The witness is not the target solution,
but they share the same combinatorial features. Thus a witness enables the
qualitative study of the system: the detection of over- and under-constrained
systems, the decomposition into irreducible subsystems, the computation of
subsystems boundaries.

This study investigates the witness computation in various configurations.
The witness computation will be studied under several numerical methods:
Newton iterations from random seeds either in R and C, the BFGS method,
the Nelder-Mead simplex method. The robustness and performances of these
methods will be analyzed and compared.
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Abstract

In geometric constraint solving, the constraints are represented with an equation system F (U, X) = 0, where X denotes the
unknowns and U denotes a set of parameters. The target solution for X is noted XT . A witness is a couple (UW , XW ) such that
F (UW , XW ) = 0. The witness is not the target solution, but they share the same combinatorial features, even when the witness
and the target lie on two distinct connected components of the solution set of F (U, X) = 0. Thus a witness enables the qualitative
study of the system: the detection of over- and under-constrained systems, the decomposition into irreducible subsystems, the
computation of subsystems boundaries.

This paper investigates the witness computation in various configurations. The witness computation will be studied under several
numerical methods: Newton iterations from random seeds either in R and C, the Broyden-Fletcher-Goldfarb-Shanno method, the
Nelder-Mead simplex method. The robustness and performances of these methods will be analyzed and compared. The paper also
presents the numerical probabilistic method from which the witness method was originated, and shows how the witness can be
used for detecting dependent parameters within systems of geometric constraints.

Key words: Geometric constraint solving, Witness computation, Numerical algorithms

1. Introduction

In the context of Computer-Aided Design, the resolution
of geometric constraint systems aims at yielding figures
which satisfy spatial relationships between geometric enti-
ties. These spatial relationships may result from geometric
processes such as reverse engineering, or given by the user.
Instead of explicitly giving the coordinates of the points,
lines, planes and other geometric entities, the user draws a
sketch on which he provides, with specific tools, geometric
constraints (e.g. distances, angles, incidences, etc.) between
the entities. A configuration is a geometric model composed
of the constrained entities or a subset of them. Solutions
are given as the coordinates of the geometric entities, i.e.
the configuration, which satisfies all the constraints.

A geometric constraint system thus consists of a 3-tuple
S = (C, X, U) with C the set of constraints, X the set of

∗ Corresponding author
Email addresses: arnaud.kubicki@u-bourgogne.fr (Arnaud

Kubicki), sfoufou@qu.edu.qa (Sebti Foufou),
dmichel@u-bourgogne.fr (Dominique Michelucci).

unknowns (geometric entities), and U the set of parameters
(metric values of the constraints and coordinates specified
by the user). When considering equation-based solvers, one
may also consider a geometric constraint system as a set of
equations F and the resolution process as the search of a
root for F (U,X) = 0.

A geometric constraint system can be under-constrained
(there is an infinity of solutions, because there are too
few constraints), over-constrained (there are no solutions
because of some direct – structural – or indirect depen-
dences, as well as inconsistencies) or well-constrained (there
is a finite non-zero number of solutions). A system is said
consistently over-constrained when it is generically over-
constrained but the values of the parameters are such that
there are actual solutions. Notice that a rigid system is
under-constrained since its solutions may be translated
and/or rotated without violating the constraints: for that
reason, most methods consider well-constrainedness mod-
ulo rigid motions. For more formal definitions of geometric
constraint systems and the levels of constrainedness, the
reader may refer to [11].



Geometric constraint solving has been an active research
area in the recent decades [2,6]. A review of the basic tech-
niques that are widely available for solving 2D and 3D ge-
ometric constraint problems can be found in [7]. Also, a
review of decomposition techniques can be found in [9].

To accommodate with, and take into consideration, the
specificities of geometric constraint systems, the available
resolution algorithms, also called solvers, vary in many as-
pects such as:

– the steps of resolutions (dependence detection, correc-
tion, decomposition, resolution of subsystems, etc.),

– the underlying resolutions techniques (classical methods
from numerical analysis, e.g. Newton-Raphson, graph
techniques, probabilistic methods, etc.),

– the interaction with the user during the resolution (au-
tonomous algorithms, semi-autonomous),

– the solution set provided to the user (a single configura-
tion, several or all configurations).

Detecting direct and indirect dependences in systems of
geometric constraints is a difficult task in which a lot of al-
gorithms fail. Particularly, graph-based solvers fail to find
non-structural dependences due to geometric theorems.
The witness configuration method proposed in [13] effi-
ciently overcomes the intrinsic limitations of graph-based
methods in detecting all dependencies between geometric
constraints (Section 2 defines the concept of witness for
a system of geometric constraints). The computation of a
basis of the vector space of the free infinitesimal motions
of a typical witness is presented in [15], as well as the use
of this basis to interrogate the witness for detecting all
dependencies. Several other important problems of geo-
metric constraint solving, such as the detection of maximal
well-constrained subsystems or the computation of a well-
constrained basis of a consistently over-constrained sys-
tem are addressed in [16] using the witness configuration
method.

The most important drawback of the witness configuration
method is the need of a typical witness, i.e. a solution to a
geometric constraint system, with the same sets C and X
but different values of the parameters. The witness must be
typical, i.e. have the same combinatorial properties as the
solutions. Most of the time, the sketch drawn by the user
is a witness, but when the system contains many incidence
constraints (which must be satisfied by the witness) or when
the user unknowingly puts the geometric entities of the
sketch in singular positions, one may need to compute a
witness.

This paper complements the witness configuration method
by comparing the results of different methods used to com-
pute the witness: Newton’s iteration from random seeds
in both R and C, the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) method, the Nelder-Mead Simplex (NMS) method.

A complete, guaranteed, robust interval-based solver is de-
scribed in [5] and used in [16]. If this solver finds no solution,
it proves that no solution exists. Only a complete solver

brings this kind of guarantee and this degree of robustness.
However, most of the time, using a complete solver is ex-
cessive: the considered systems are most of the time very
under-constrained, with some redundant over-constrained
parts, so much simpler and faster methods suffice.

This paper is organized as follows: Section 2 recalls the wit-
ness definition and shows why witness computing is both
important and complicated. Section 4 presents a set of
methods in order to compare their performances for the
witness computation. Sections 5 and 6 give respectively 2D
and 3D examples for which the witness is calculated. Sec-
tion 7 presents the Numerical Probabilistic Method (NPM)
which constitutes the source of inspiration of the witness
configuration method; then discusses whether it is neces-
sary or not to decompose geometric systems when numeri-
cal methods are used to find the witness. Section 8 studies,
through two examples, the use of the witness method in de-
tecting dependences between parameter values. Section 10
concludes the paper, and gives some perspectives for future
extensions of this work.

2. Witnesses

Let us consider the equation expression of geometric con-
straint systems, where the constraints are represented with
a set of equations F (U,X) = 0, where the symbol U de-
notes a set of parameters with prescribed values UT = ρ(U)
(T for target), and X denotes the unknowns. The searched
solution for X is noted XT . A witness is a couple (UW , XW )
such that F (UW , XW ) = 0; most of the time, UW and UT

differ (and XW and XT as well), so the witness (UW , XW )
is not the wanted solution, but it has the same combina-
torial features as the (UT , XT ), even when the witness and
the target lie on two distinct connected components of the
solution set of F (U,X) = 0. Thus a witness enables the
qualitative study of the system: the detection of over- and
under-constrained systems, the decomposition into irre-
ducible subsystems, the computation of subsystems bound-
aries. These aspects are detailed in references [13–16].

The main advantage of the witness method, compared
to combinatorial (graph-based) methods, is that the wit-
ness method is able to detect dependences between con-
straints [15,16], not only the simplest ones, also called
structural, which are already detectable by graph-based
methods, but also non-structural dependences due to some
known or unknown geometric property or theorem.

2.1. Parameters as unknowns

One approach to build a witness is to consider both U and
X as unknowns. It is the approach used in [16], where the
system was solved with interval analysis. It is also the ap-
proach used in this paper.
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2.2. Discarding constraints

Another approach is to reduce the system by discarding
metric constraints and keeping only incidence constraints.
This is justified by the fact that smooth modifications of
the values of parameters does not modify the properties of
a typical witness. The resulting system (a system of inci-
dence constraints) is smaller and easier to solve. Incidence
constraints are also called projective constraints (projective
geometry considers projective properties which still hold
after projections). In 2D, incidence constraints are: align-
ments of 3 points, cocyclicity of 4 points, tangencies, point-
curve incidences. In 3D, examples of incidence constraints
are: coplanarity of 4 points, cosphericity of 5 points, etc.

Note that incidence constraints can be formulated as equa-
tions in several ways: e.g. the collinearity of 3 points A,B, C
in 2D can be expressed as the vanishing of the determinant

∣∣∣∣∣∣∣∣∣

xA yA 1

xB yB 1

xC yC 1

∣∣∣∣∣∣∣∣∣
= 0

or as the subsystem:




(xA, yA, 1) . (a, b, c) = 0

(xB , yB , 1) . (a, b, c) = 0

(xC , yC , 1) . (a, b, c) = 0

a2 + b2 − 1 = 0

where the line ABC has equation: ax + by + c = 0, and
the vector (a, b) is normalized. Yet other formulations are
possible: non-Cartesian coordinates, or coordinates-free
formulations (see below). Whatever formulation is chosen,
discarding equations involving parameters is the simplest
way to obtain a system with only projective constraints.
This approach makes sense, since systems of incidence
constraints can indeed be over-constrained (which can be
counter-intuitive, cf. section 5.3) and a redundant over-
constrainedness will be detected when studying a witness.
For a system with a contradicting over-constrained sub-
system, there is no solution, thus no witness: a complete
solver (for instance an interval-based solver) is needed for
such cases.

Discarding equations involving parameters may overshoot,
since a combination of metric constraints (i.e. equations
involving parameters) sometimes implies projective con-
straints. The following two examples illustrate this fact in
2D and in 3D. In 2D, if 6 points Mi are constrained by:
MiF

2
1 + MiF

2
2 = d2 (or MiF

2
1 − MiF

2
2 = d2), then they lie

on a common ellipse (or hyperbola), which 6 points gener-
ally do not. Thus discarding all equations MiF

2
1 +MiF

2
2 =

d2 yields a system which is projectively less constrained
than the initial system.
In 3D, the collinearity of 3 points A,B, C can also be spe-

Fig. 1. A simple example : two points on a diameter of a circle and
a point on the circle

cified with the vanishing of the Cayley-Menger determi-
nant [12]:

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 0 DAB DAC

1 DAB 0 DBC

1 DAC DBC 0

∣∣∣∣∣∣∣∣∣∣∣∣

= 0

where DAB , DAC , DBC are squares of distances AB, AC,
BC. Clearly, discarding this constraint (if some distances
are parameters, and the rest represents unknowns) also can-
cels the incidence constraint.

Finally, apart from incidences, two numerical invariants
hold in projective geometry, in 2D: the ratio of signed length
between 4 collinear points (the well known cross-ratio, this
stands also for the complex cross-ratio between four co-
planar real points), and the ratio of signed areas of oriented
triangles. Canceling equations involving these parameters
is another way to form a system which is projectively less
constrained than the initial system. Due to the complexity
of this approach, we prefer the first one.

2.3. Interrogating a witness : an example

To give an example of witness interrogation, let us consider
the following system of five equations:

One can easily show that points P1 = (−4, −3), P2 = (4, 3)
and P3 = (4, −3) form a witness of this system.

The jacobian matrix at the witness is:
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−8 −6 0 0 0 0 −10

0 0 8 6 0 0 −10

0 0 0 0 8 −6 −10

3 −4 3 −4 0 0 0

0 6 −8 0 8 −6 0




and it has rank four, showing that one equation is a conse-
quence of the others. Remark that for a random point, the
rank is maximum (i.e. five here).

3. Implementation issues

We choose to represent the constraints as a systems of equa-
tions and inequalities. It may also be represented in a more
abstract way before translation into equation form. Here is
the data file for the problem of two rigid triangle discussed
in section 5.1 :

unknown x1 -30.000000 30.000000 ;

unknown y1 -30.000000 30.000000 ;

unknown x2 -30.000000 30.000000 ;

unknown y2 -30.000000 30.000000 ;

unknown x3 -30.000000 30.000000 ;

unknown y3 -30.000000 30.000000 ;

unknown x4 -30.000000 30.000000 ;

unknown y4 -30.000000 30.000000 ;

unknown x5 -30.000000 30.000000 ;

unknown y5 -30.000000 30.000000 ;

unknown x6 -30.000000 30.000000 ;

unknown y6 -30.000000 30.000000 ;

unknown d12 0.000000 100.000000 ;

unknown d23 0.000000 100.000000 ;

unknown d31 0.000000 100.000000 ;

unknown d45 0.000000 100.000000 ;

unknown d56 0.000000 100.000000 ;

unknown d64 0.000000 100.000000 ;

unknown d14 0.000000 100.000000 ;

unknown d25 0.000000 100.000000 ;

unknown d36 0.000000 100.000000 ;

0= (x1 - x2 )^2 + (y1 - y2 )^2 - d12^2 ;

0= (x2 - x3 )^2 + (y2 - y3 )^2 - d23^2 ;

0= (x3 - x1 )^2 + (y3 - y1 )^2 - d31^2 ;

0= (x4 - x5 )^2 + (y4 - y5 )^2 - d45^2 ;

0= (x5 - x6 )^2 + (y5 - y6 )^2 - d56^2 ;

0= (x6 - x4 )^2 + (y6 - y4 )^2 - d64^2 ;

0= (x1 - x4 )^2 + (y1 - y4 )^2 - d14^2 ;

0= (x2 - x5 )^2 + (y2 - y5 )^2 - d25^2 ;

0= (x3 - x6 )^2 + (y3 - y6 )^2 - d36^2 ;

Expressions in equations and inequalities are represented as
DAG (Directed Acyclic Graph), roughly trees with sharable
nodes. A DAG is either a given number, a variable given
by its name (a parameter or an unknown), a binary oper-

ation (+,×, −), a power (eg x3), a trigonometric function
(cos). Many operations can be performed on DAGs: sym-
bolic operations (symbolic derivation, simplification, pretty
printing, compilation, static analysis) and evaluation oper-
ations (floating-point arithmetic, evaluations with interval
arithmetics, substitution –a kind of symbolic evaluation–,
conversion to polynomials when possible, etc). DAG eval-
uation uses the Visitor design pattern [18] to ease exten-
sion and evaluation with other mathematical objects (dual
numbers for example). Many implementations (recursive,
or non-recursive, hash-consing, some kind of compilation or
optimization) were investigated, because DAG evaluations
may be a complex operation.

4. Methods

Four different methods have been experimented in order
to generate a witness: Newton iterations in R, Newton it-
erations in C, Nelder-Mead downhill simplex method [17],
and the BFGS method. Random points are used as starting
seeds for all of these methods.

To avoid long time processing in our experiments, we have
limited the number of iterations to 100 iterations, beyond
this number we consider that the method fails to converge.

All the tried methods converge if the starting point is a
root, or is close enough to a root. Proximity of starting
points to a root helps the solver to converge to this root,
but this convergence depends on the underlying methods
of the solver. The basins of attraction of a root depend on
the used solver; for instance Newton basins are fractals,
homotopy basins have smooth boundaries.

4.1. The Newton method

Given a good starting point, the main advantage of this
method is the high rate of convergence (superquadratic).
This method is also easy to implement in its principles,
we compute the symbolic derivatives of the function (this
is computed once). In order to use the Newton method
when the Jacobian matrix is not invertible or not square, a
pseudo-inverse is calculated using Singular Value Decom-
position. Let N : X → = X − J−1F (X) be the New-
ton iteration where J−1 denotes either the inverse or the
pseudo inverse of the Jacobian matrix of F at X. The New-
ton iteration is then defined as follow :

Xn+1 = N(Xn)

X0 being the starting point.

4.2. The Nelder-Mead downhill simplex method

The Nelder-Mead downhill simplex method ( NMS ) [17] is
a minimization technique in two steps: the minimization of
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∥F∥, and a check for ∥F∥ to be zero (to avoid local minima).

This method has the advantage of avoiding the computa-
tion of the derivative, but it is not efficient in term of num-
ber of function evaluations (due to the high number of iter-
ations). Given a big starting simplex (computed from the
initial random starting point), the algorithm computes the
minimum of the function with different kinds of steps such
as:

– the computation of the maximum of the function on the
simplex and then the ”reflection” of the vertex towards
the opposite hyper-face, or

– the use of the previous reflection step plus an expansion
of the simplex, or

– the contraction of the simplex toward the highest point
i.e. the vertex which maximizes ∥F∥, or the contraction
in multiple directions toward the lowest point i.e. the
vertex which minimizes ∥F∥.

These different operations may be combined in a way to
make the simplex ”walk” towards a minimum. A more in-
depth description of the algorithm is available in [19].

4.3. The BFGS method

This is also a minimization method, hence a procedure sim-
ilar to the one of the NMS method is applied. This method
is a variant of the Newton method, and requires the com-
putation of the gradient. It constructs an approximation
of the Hessian matrix which is guaranteed to be definite
positive in order to be sure that the algorithm makes ∥F∥
decrease [19].This approximation is then updated with an
iterative process and used to compute the next step.

4.4. The interval Newton method

When a complete solver is needed, we use the Newton
method with intervals.

Here, [X] denotes an interval vector (i.e. a box ) and X a
vector. Xc denotes the center of the box. The center evalu-
ation of a function G for the box [X] is defined as follows:

G([X]) ∈ G(Xc) + G′([X])([X] − Xc)

We define the interval Newton iteration NI by taking G =
N (cf. section 4.1). Note that if we use the naive interval
evaluation, we can never contract the interval because when
we add two intervals, the result is always larger. As the
roots are both in [Xn] and [Xn+1] we then compute [Xn+1]
as (NI([Xn])) ∩ [Xn]. When we can’t reduce the studied
interval, we bisect it and study each half separately.

Two optimizations are possible. :

– the Segupta-Hansel optimization consists in taking the
most up-to-date interval when updating X.

method success rate total time

Newton 100% 0.24 s

Newton in C 100 % 0.26 s

BFGS 100 % 3.88 s

NMS 0 % 3.88 s

Table 1
Computing the witness of the two rigid triangles

– take into account, and study, the monotonicity of F (for
example if [X] = [a, b] and f is increasing then f [X] =
[f(a), f(b)])

We have used only the first optimization.

5. Results in 2D

In this section, we give several 2D examples of geometric
constraint systems and the respective results of the different
methods mentioned in Section 4.

The computer we use for the experiments is a quad core
Xeon with about 4 GB of RAM.

The complete solver described in section 4.4 needs more
time (several minutes) than other methods to find the so-
lutions. To conduct our experiments in a practical way, the
running time is limited to 10 minutes, beyond which we
consider that the solver doesn’t converge.

5.1. Two rigid triangles

This 2D example is composed of two triangles ABC and
A′B′C ′; each triangle is constrained with the lengths of its
three edges, see Fig. 2. The assembly of the two triangles
is rigidified with 3 constrained distances: AA′, BB′, CC ′.
It is sufficient to pick at random six points in 2D to get a
typical witness.

Except NMS, the tried methods succeeded to find a witness
as shown by the Table 1.

5.2. Circle packing

Circle packing is a 2D configuration of circles tangent to
each others, see Fig. 3 for an example. Circle packing is use-
ful in approximating some analytical functions, in graph
embedding, and random walks [21]. Any planar map, or
simplicial 2D complex, can be represented with a contin-
uum of circle packing: each vertex is represented as a circle,
and each edge AB in the planar map, or the simplicial 2D
complex, means that the two circles for vertices A and B
are outwardly tangent.

There are a lot of degrees of freedom for the shape of the ex-
terior contour of the circle packing. For instance, it is pos-
sible to find a circle packing where all exterior circles are
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A A’

B

B’

C

C’

Fig. 2. A rigid 2D system made
of two rigid triangles linked by
three distance constraints

Fig. 3. An example of circle
packing. For simplicity the tri-
angle is equilateral and all cir-
cles have the same radius.

Fig. 4. An example of Desargues configuration.

tangent to a common circumscribing circle. This property
is a discrete analogue to Riemann theorem: there is a con-
formal map between any topological (open) disk and the
unit disk. Some specific algorithms [3] converge iteratively
to the circle packing of any given simplicial 2D complexes;
Those algorithms work in interactive time for thousands of
circles; they are much faster than general purpose numeri-
cal solvers.

For simplicity, we fill triangles with circles, as in Fig. 3. Let
k be the number of circles tangent to one side of the triangle.
We generated the systems of geometric constraints for k =
1, 2, 3, 4, 5, so there are 1, 3, 6, 10, 15 circles totally. The
parameters are the coordinates of the three vertices of the
triangle; when computing a witness, they are unknowns, as
are the radii and the coordinates of the centers of circles.
We do not check if the computed circles indeed lie inside
the triangle, nor that they are outwardly tangent since this
is not needed for a witness.

For this example, among the standard numerical methods,
the best results are given by the Newton algorithm. Remark
in passing that for this example it does not make sense to
discard equations involving distance parameters.

5.3. Desargues configuration

The Desargues theorem ensures that if 2D points o, pi, qi are
collinear, for i = 0, 1, 2, then the three intersection points

k method success rate total time

1 Newton 98% 0.42 s

Newton in C 100 % 0.72 s

BFGS 5 % 6.08 s

NMS 0 % 1.82 s

2 Newton 68% 1.34 s

Newton in C 82 % 1.42 s

BFGS 0 % 14.7 s

NMS 0 % 4.88 s

3 Newton 36% 3.3 s

Newton in C 86 % 2.5 s

BFGS 0 % 25.88 s

NMS 0 % 10.56 s

4 Newton 14% 6.46 s

Newton in C 78 % 5.06 s

BFGS 5 % 45.62 s

NMS 0 % 24.24 s

5 Newton 4% 11.46 s

Newton in C 82 % 8.9 s

BFGS 0 % 70.84 s

NMS 0 % 47.96 s

6 Newton 4% 32.28 s

Newton in C 83 % 25.96 s

BFGS 0 % 162.24 s

NMS 0 % 137.5 s

7 Newton 0% 50.44 s

Newton in C 81 % 42.44 s

BFGS 0 % 229.72 s

NMS 0 % 225.76 s

8 Newton 0% 78.74 s

Newton in C 83 % 67.9 s

BFGS 0 % 316.4 s

NMS 0 % 352.08 s

Table 2
Circle packing (witness)

pipi+1 mod 3
∩qiqi+1 mod 3

are collinear as well, see Fig. 4.
This theorem holds when points o, pi, qi are coplanar, and
when they lie in 3D.

The objective of this example is to find points o, pi, qi in
Desargues configuration; there are 9 alignments due to the
hypothesis and one due to the conclusion. Actually, any
one of the alignments results from the others. The system
is both very under-constrained (no distance and no angle
is specified), and also consistently over-constrained.

We have two possible formulations for alignments:

(i) use the vanishing of the determinant, or
(ii) define each line with a triple (a, b, c) with a2 +b2 = 1,
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method success rate total time

Newton 91% 6.28 s

Newton in C 97 % 6.28 s

BFGS 0 % 24.56 s

NMS 0 % 16.78 s

Table 3
Desargues configuration (with lines)

method success rate total time

Newton 100% 0.54 s

Newton in C 100 % 0.78 s

BFGS 100 % 12.08 s

NMS 100 % 1 s

Table 4
Desargues configuration (vanishing of determinants)

p
1

p
2

q
1

q
2

q
3

p
3

Fig. 5. An example of Pappus configuration.

method success rate total time

Newton 100% 1.94 s

Newton in C 100 % 2.66 s

BFGS 17 % 6.62 s

NMS 0 % 13.48 s

Table 5
Pappus configuration (lines)

and a point (x, y) lies on the line iff ax + by + c = 0.

Tables 3 and 4 shows the percentage success and computa-
tion time of each method. In general, Newton method per-
forms better than the others. Results are better when the
determinants formulation is used than when the lines for-
mulation is used. In this case, all the methods are able to
find a witness in less than 1 second as shown in Table 4.

5.4. Pappus configuration

Pappus theorem ensures that if points p1, p2, p3 are
collinear, and points q1, q2, q3 are collinear, then the 3 in-

method success rate total time

Newton 100% 0.26 s

Newton in C 100 % 0.2 s

BFGS 100 % 3.14 s

NMS 0 % 3.36 s

Table 6
Pappus configuration (determinants)

Fig. 6. An example of Pascal configuration.

tersection points rij = piqj ∩ pjqi, i ̸= j are collinear as
well (see Fig. 5).

The objective of this example is to find points pi, qj , rij

in Pappus configuration; the nine alignments are specified:
eight are due to the hypothesis, and the ninth is the con-
clusion of Pappus theorem. The system is both very under-
constrained (no distance and no angle is specified), and
also consistently over-constrained: one alignment is a con-
sequence of the other 8 alignments; actually, due to sym-
metry, any one of the nine specified alignments is a conse-
quence of the others.

We consider again the two formulations for alignment given
in section 5.3. Except NMS, all the numerical methods con-
verged with both formulations, and the best results are
given by the Newton algorithm. Notice also that computa-
tion time is lower when formulation (ii) is used, see Tables 5
and 6).

5.5. Pascal configuration

Pascal theorem ensures that if six points lie on a common
conic, then opposite sides of the hexagon (for any permuta-
tion of the vertices) intersect in three collinear intersection
points. Another formulation is as follows: if a 2D hexagon
(possibly self-intersecting or concave) p0p1p2p3p4p5 is such
that its three opposite sides meet in three collinear points
p0p1∩p3p4, p1p2∩p4p5 and p2p3∩p5p6, then the same prop-
erty holds for all permutations of p0p1p2p3p4p5, see Fig. 6.

In our tests, we considered the hexagon p1p0p2p3p4p5. We
generated the system with all constraints of the hypothesis
of the theorem, and the constraint of the conclusion. The
alignments of three points were expressed with the vanish-
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method success rate total time

Newton 100% 0.24 s

Newton in C 100 % 0.3 s

BFGS 100 % 4.72 s

NMS 0 % 4.46 s

Table 7
Pascal configuration

ing of the 3 × 3 determinant of (homogenized) coordinates
of the three points. The system was consistently redundant.

Except NMS, all the methods found a witness. The quickest
is the Newton algorithm, see Table 7.

6. Results in 3D

In this section, we give 3D examples of geometric constraint
systems with the results of the methods we have imple-
mented and tested.

6.1. Desargues configuration

The 3D Desargues configuration is similar to the 2D
one: the 3D points o, pi, qi are collinear, for i = 0, 1, 2,
but the plane p0p1p2 and the plane q0q1q2 are differ-
ent; in the generic case, these two planes meet along
a line, which contains the three intersection points
pipi+1 mod 3 ∩ qiqi+1 mod 3 between homologous sides,
thus these three intersection points are collinear. It is
possible to formulate the theorem in a more general way,
to account for degenerate cases (the planes pi and qi are
parallel or equal, or one line pipi+1 mod 3 is parallel to its
homologous qiqi+1 mod 3

, etc.), but we prefer to discard
them for simplicity.

We have generated the constraints of alignment for the hy-
pothesis and for the conclusion of the theorem. All these
constraints are projective, i.e. they are all incidence con-
straints: so there is no parameter of distance or angle.

We formulate the collinearity of three points with deter-
minants in two ways. In the first formulation, we use the
vanishing of two determinants:

∣∣∣∣∣∣
x1 − x0 x2 − x0

y1 − y0 y2 − y0

∣∣∣∣∣∣
=

∣∣∣∣∣∣
x1 − x0 x2 − x0

z1 − z0 z2 − z0

∣∣∣∣∣∣
= 0

In the second formulation we use also:

∣∣∣∣∣∣
y1 − y0 y2 − y0

z1 − z0 z2 − z0

∣∣∣∣∣∣
= 0

This last formulation is redundant for each alignment. All
methods converge (at least on all random values tested) the
quickest is the NMS, see Table 8.

method success rate total time

Newton 100% 3.14 s

Newton in C 100 % 3.44 s

BFGS 100 % 18.72 s

NMS 100 % 1.02 s

Table 8
Desargues 3D configuration

method success rate total time

Newton 100% 1.72 s

Newton in C 100 % 1.72 s

BFGS 100 % 26.56 s

NMS 100 % 1.32 s

Table 9
Beltrami configuration (2 determinants)

method success rate total time

Newton 100% 7.22 s

Newton in C 100 % 7.76 s

BFGS 100 % 44.3 s

NMS 100 % 1.96 s

Table 10
Beltrami configuration (3 determinants)

6.2. Beltrami configuration

Let Wi, i = 0, 1, 2 be three non-coplanar white lines in 3D,
and let Bj , j = 0, 1, 2 be three non-coplanar black lines
in 3D, such that all pairs of a white line Wi and a black
line Bj are coplanar (they meet at a point Qij , possibly at
infinity). A line is called black (white) if it intersects the
three white (black) lines. Then all black lines are coplanar
to all white lines. Coxeter [4] credits Beltrami for this 3D
incidence theorem. One can note that the white and black
lines generate a ruled quadric surface, for instance an hy-
perboloid of one sheet, or an elliptic hyperboloid.

We reformulate the theorem as follows: Given a set of 16
points in 3D: Pij , i = 0, 1, 2, 3 and j = 0, 1, 2, 3 such that
for all i, Pi0, Pi1, Pi2 are collinear, Pi0, Pi1, Pi3 are collinear,
and symmetrically for all j, P0j , P1j , P2j are collinear,
P0j , P1j , P3j are collinear. Any of these 16 alignments is a
consequence of the 15 others.

For a human being finding a witness is not trivial in this
case: it is not sufficient to pick 16 points at random.

We have used two different formulations to generate these
16 constraints of alignment. In a first formulation, the align-
ment of 3 points is expressed as the vanishing of two de-
terminants. In a second formulation, each alignment is ex-
pressed as the vanishing of three determinants, which is re-
dundant. Here the Newton algorithm has always converged
for both formulation, see Tables 9 and 10.
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method success rate total rate

Newton 99% 0.74 s

Newton in C 100 % 0.48 s

BFGS 48 % 15.62 s

NMS 0 % 7.12 s

Table 11
Line tangent to four given spheres

method success rate total time

Newton 100% 0.68 s

Newton in C 100 % 0.7 s

BFGS 30 % 9.88 s

NMS 0 % 11.16 s

Table 12
Octahedron

6.3. Line tangent to four given spheres

This underlying 3D problem was first considered and solved
by Hoffmann and Yuan in [8]: compute the lines tangent to
4 given spheres.

To generate a witness is trivial (at least for a human being):
generate randomly a line and 4 centers for the spheres; then
deduce the 4 radii: they are the distances to the line of the
4 centers.

We generated the related system of geometric constraints.
The line is represented by the vanishing of 2 determinants.

Here the best results were given by Newton method with
complex numbers, see Table 11.

6.4. Octahedron

3D polytopes (convex polyhedrons) are completely de-
scribed with the lengths of their edges, and the coplanari-
ties of vertices lying on a common face. In other words the
related systems are rigid: it is Cauchy theorem.

A specific algorithm computes a realization (consistent co-
ordinates for vertices) of 3D polytopes, given their graph
(called skeleton, or 1-skeleton); it computes a 2D Tutte em-
bedding of the graph of the polytope and lifts it in 3D [20].
Remarkably, all coordinates are rational numbers, and even
integers after some scaling. This algorithm is a computa-
tional proof of Steinitz theorem: all convex polytopes have
an integer realization whatever their topology (i.e. graph).
This algorithm should be used to compute a witness for a
polytope with a described graph. Steinitz theorem does not
extend beyond 3D.

For an octahedron, all faces are triangles, so there is no
coplanarity constraints; thus generating a witness is trivial:
just pick 6 vertices in 3D space at random, then measure the
lengths of its edges. Remark that the generated polytope
may be self intersecting, or concave, but it does not matter:

method success rate total time

Newton 89% 5.9 s

Newton in C 100 % 4.06 s

BFGS 80 % 129.16 s

NMS 0 % 54 s

Table 13
Octahedron (Cayley-Menger)

it is a witness.

We have generated the system of 12 distance constraints;
both coordinates of the 6 vertices and the 12 distances are
unknowns.

We have also tried to solve the related target system, i.e. we
fixed the 12 distances parameters, and looked if the solvers
still succeed (see Table 17 and Table 12).

6.5. Octahedron with Cayley-Menger determinants

The distances between five 3D points are not independent:
the related Cayley-Menger determinant must vanish. Thus
Cayley-Menger determinants [12] provide a simple solution
to the octahedron problem, or to the Stewart platform.
Write the Cayley-Menger condition for 4 “equatorial” (gen-
erally non-coplanar) vertices and the North vertex; write
the Cayley-Menger condition for the 4 “equatorial” vertices
and the South vertex. These 2 equations involve 2 unknown
distances, the distances between opposite vertices among
the 4 “equatorial” vertices; all other distances are known
by hypothesis. This system is much simpler than the naive
system (initially containing 12 unknowns and equations,
easily reducible to 9 when pinning one triangle on the Oxy
plane). Unfortunately, we do not know how to extend this
Cayley-Menger idea to other polytopes.

We generated the related system of 2 equations; for com-
puting a witness, all distances (the 12 edge lengths and the
2 distances between pairs of opposite ”equatorial” vertices)
are considered as unknowns.

We have also tried to solve the related target system, i.e.
we fixed the 12 distances parameters, and checked if the
solvers still succeed (see Table 17 and Table 13).

6.6. Hexahedron

The cube is an hexahedron: the graph of the hexahedron
is the graph of the cube. The hexahedron has 6 (coplanar)
quadrilateral faces. It is described unambiguously (up to
its location and orientation in 3D space) with the copla-
narity conditions and the lengths of its 12 edges (at least
for generic edges lengths).

Due to the coplanarity conditions, it is not sufficient to
choose 8 vertices at random in 3D. However it is easy to
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method success rate total time

Newton 100% 1.96 s

Newton in C 100 % 2.16 s

BFGS 14 % 57.42 s

NMS 0 % 34.06 s

Table 14
Hexahedron

method success rate total time

Newton 100% 2.24 s

Newton in C 100 % 2.34 s

BFGS 100 % 41.5 s

NMS 0 % 56.46 s

Table 15

Icosahedron

find a witness: the Platonic cube is an obvious witness for
all hexahedra. However it is not a typical witness.

We generated the related system; for the witness, the
lengths of 12 edges are considered as unknowns. The copla-
narity of four vertices is specified as the vanishing of the
4× 4 determinant of the (homogeneous) coordinates of the
four involved vertices.

We have also tried to solve the related target system, i.e. we
fixed the length of the 12 edges, and checked if the solvers
still succeed, we found out that NMS method fails, and the
success rate of the BFGS is too low, see Table 14.

6.7. Icosahedron

An icosahedron is a regular polyhedron with 20 identical
equilateral triangular faces, 30 edges and 12 vertices. There
is no coplanarity condition, so generating a witness is triv-
ial, it suffices to pick at random 12 points in 3D space; the
resulting polytope may be self intersecting, or concave, but
it is a witness.

We generated the related system; for the witness, all 30
edges lengths are considered as unknowns. The Newton
method gives a result with a rate of 100%, see Table 15.

6.8. Dodecahedron

The graph of the dodecahedron is the one of the regular,
Platonic, dodecahedron. The dodecahedron is made of 12
pentagonal faces, 20 vertices, 30 edges. It is the dual of
the icosahedron. Due to the coplanarity of the pentagonal
faces, it is not sufficient to generate 20 vertices at random
to get a witness.

We generated the related system; for the witness, all 30
edges lengths are considered as unknowns. The coplanarity
of five vertices ABCDE in a common face is specified
with the vanishing of two 4 × 4 determinants, |ABCD| =

method success rate total time

Newton 100% 5.6 s

Newton in C 100 % 5.8 s

BFGS 100 % 182.38 s

NMS 100 % 3.02 s

Table 16
Dodecahedron

|ABCE| = 0. These 24 coplanarity conditions are indepen-
dent, see Table 16.

Table 17 summarizes our experimental configurations, both
in 2D and in 3D, for witness computations and lists the
methods with the best convergence rates.

7. The Numerical Probabilistic Method

When computing a witness, is it possible to decompose
the system (where both parameters and unknowns must
be considered as unknowns)? Of course, we can not use a
witness-based decomposition.

Several approaches may be considered in dealing with de-
composition, we can use either a graph-based method like
[1] with all the limitations of this type of methods, or the
Numerical Probabilistic Method (NPM).

The main idea of the NPM is to study the Jacobian of a
system F (X) = 0 (or F (U,X) = 0) at a random (thus
generic) value for X (or for X and U). It is easy and worth-
while to check that equations are independent at a random
point (call it a weak witness for convenience). If the Ja-
cobian does not have full rank, then with probability one,
the equations of F are dependent. Indeed, assume that the
equations of F are independent, except in a set of measure
0 (which is called the singular manifold), then the proba-
bility is null to randomly select a point in this set.

We can clearly use the NPM: if the Jacobian does not have
full rank, we have detected a dependence between equa-
tions. However, we must be conscious of the limitation of
the NPM. The point where the Jacobian rank is computed
is random, so it does not lie on the solution set of F (X) = 0
(or F (U,X) = 0) which means that the random point is
not representative of the solutions. Recall that the witness
method was introduced to overcome this limitation of the
NPM.

8. Detecting dependent parameters

Parameters should be independent, at least in a correct sys-
tem of constraints. Such dependences do not prevent the
computation of a witness. The witness method, i.e. study-
ing the Jacobian of the system at the witness, permits to
detect the dependences between parameters. We illustrate
this fact with the following two simple examples.
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System Dimension #unknowns #parameters #equations Best method Success rate

Two rigids 2D 12 9 9 Newton 100%

Circle packing (k) 2D 2k 3 Σk
i=0(3i) Newton in C 82%

Desargues 2D 30 0 20 Newton 100%

Pappus 2D 45 0 36 Newton in C 100%

Pascal 2D 22 0 11 Newton 100%

Desargues 3D 50 0 40 NMS 100%

Beltrami 3D 48 0 32 NMS 100%

Line tangent to 4 spheres 3D 28 0 10 Newton in C 100%

Octahedron (metrics are unkwnowns) 3D 30 0 12 Newton 100%

Octahedron (metrics are parameters) 3D 18 12 12 Newton 100%

Octahedron (Cayley-Menger) 3D 14 0 2 Newton in C 100%

Hexaedron (unknown param.) 3D 36 0 18 Newton 100%

Hexaedron (valued param.) 3D 24 12 18 Newton in C 40%

Icosahedron (unknown param.) 3D 66 0 30 Newton 100%

Icosahedron (valued param.) 3D 36 30 30 Newton 14%

Dodecahedron (unknown param.) 3D 91 0 55 NMS 100%

Dodecahedron (valued param.) 3D 61 30 55 Newton 97%

Table 17
The experimental systems (number of unknowns, number of parameters, number of equations) and the best convergence rates of the methods
we have tried to compute the witness. In the first column, “unknown param.” means that parameters are considered as unknowns; “valued

param.” means that parameters have specified numeric values. Parameters were given in a way which ensures the existence of a solution.

First example. The system: x − u = x − v = 0, has 1
unknown x and 2 parameters u, v. A witness for this system
is easily computed. The parameters u and v are clearly
dependent: u = v. Note that if u, or v is considered as an
unknown, then the system is indeed correct; for instance,
let us rename v as y: the system becomes x−u = x−y = 0,
which makes sense.

Second example. The system: x + y = u, x + z = v,
y − z = w has 3 unknowns x, y, z and 3 parameters u, v, w.
A witness for this system is easily computed. The parame-
ters u, v, w are dependent: w = u−v. Here again, when pa-
rameters are considered as unknowns, the 3 equations are
independent, since the Jacobian contains the 3 × 3 iden-
tity submatrix when deriving relatively to u, v and w. The
witness method detects the dependence when considering
the Jacobian for variables x, y, z (and discarding variables
u, v, w): the 3 × 3 submatrix has rank 2 because the last
row is the difference of the first and the second.

This difference in the rank of the same set of rows, depend-
ing on whether the columns of parameters are considered
or not, permits the detection of dependences between pa-
rameters. Recall that each row contains the derivative of
an equation, and each column is related to a variable, an
unknown or a parameter.

We mentioned that discarding constraints involving param-
eters may yield a system which is projectively weaker (less
constrained) than the initial system. Actually this hap-
pens when parameters are not independent. Precisely, the
method proposed in this section detects such dependences
between parameters. We conclude this section with exam-
ples of dependences between parameters: for 4 points in 2D
there are 6 distance parameters, but only 5 of them are
independent. For 5 points in 3D there are 10 distance pa-

rameters, but only 9 of them are independent. The method
proposed in this section allows the detection of these de-
pendences. Similarly, it can detect dependence in systems
containing not only distances but also angles.

9. Further works

This work can be completed with the following investiga-
tions. First, start from a degenerate solution (for example
all points are equal) and make a random walk on the tan-
gent space to the solution manifold: pick a random direction
in the tangent space, then perform a prediction-correction
step; this method clearly applies to all homogeneous sys-
tems.

Second, investigate a damped variant of the Newton
method: instead of moving forward ∆X, we only move
forward ∆X

2 or so; we also imagine to perform a line search
along the Newton direction.

Finally, we will try to perform some decomposition before
computing the witness (cf section 7). Once a witness is
known, we plan also to try the re-parametrization method
described in [10].

10. Conclusion

This paper compared several methods to compute a wit-
ness. For all these methods, starting points were random.
No attempt was made to decompose the systems. Among
the tested numerical methods, the Newton method is the
winner in term of both rate of convergence and time per-
formance. In most of the cases, this algorithm converges to
a witness after a reasonable number of iterations. See Ta-
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ble 17 for an overall view of our experimental systems and
the methods with the best success rates.

In some cases, the Newton method is also able to solve
the related target systems. The Newton method achieves a
better rate of converge in C but at a cost of a small overhead.

The paper also shows that it is easier to compute a witness
than to solve the target system directly. It is also easier to
find a witness with a standard numerical method than with
a complete solver.

From this study we derive the following strategy: to com-
pute a witness, try the Newton method starting from 50
random seeds and when failing, resort to a complete solver
like an interval solver.
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Chapter 4

Improvement and Optimization
of the solver

We designed and implemented a new version of the solver that optimizes
the previous one by following an Object Oriented modular implementation
approach and by incorporating spares matrices as an optimized alternative
for storing and manipulating Bernstein coefficients during the computation
processes.

The outcome of this study is a technical report that we have not yet finished
writing. The version included in this chapter is the very first draft of this
report [2]. It is only given as an indication of our progress. Although the
equations and the algorithms presented here are correct, the text style needs
a deep revision and restructuring.
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Improvements to the Bernstein Polytope-based
computation of polynomial ranges

Mahfoud Djedaini

November 25, 2012

Abstract

This report describes the work that we have done at Qatar Uni-
versity, in the context of the NPRP project N◦ 09-906-1-137 focusing
on geometric constraints solving, under the supervision of Prof. Sebti
Foufou. We are more interested and involved in a specific part of the
project, which concerns the implementation and the improvement of
the Bernstein polytope-based solver. Throughout this manuscript, we
present the progress we have made within the project, from both theo-
retical and practical considerations. So first, we introduce the project
and focus on the task that mainly concerns us. Then, we review rele-
vant work. After that, we describe in detail our approach and provide
results and perspectives for future work.

1 Introduction and motivation

In this document, we give some details about the work we have done during
the few past months, for the NPRP project N◦ 09-906-1-137, entitled “Design
and implementation of a new geometric constraint solver based on Bernstein
polytopes”, and funded by Qatar foundation.

The NPRP project N◦ 09-906-1-137 aims to design and implement a new
solver based on Bernstein polytopes and linear programming, in order to
overcome the limitations of available solvers. This solver will target many
fields such as for computational topology and tolerant modelling.

As stated in the research plan of the project [NPR], the main goals of the
project are:
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• Improvement of the solver of algebraic non-linear equations and in-
equalities designed for geometric constraints solving and described in
[FMF09, FMF10a, FMF12]: higher degrees, transcendental functions,
proof of robustness, GPU implementations, etc.

• Extension of the solver to guarantee approximations and topological
properties of the solution set of under-constrained systems. Targeted
applications are computational topology, and tolerant modelling.

• Application of the geometric constraint solving approach to modelling
curves and surfaces.

In our case, we have focused on the first goal, which concerns the im-
provement of the Bernstein polytope-based solver. This task is very impor-
tant since the solver is required for the other parts of the project. Our work
has mainly been divided into three tasks. First, we have read a lot of bibli-
ography about geometric constraints in general, and on specific concepts like
Linear Programming (LP) and Bernstein polynomials, which are used in the
solver. We have also spent a considerable time in deeply understanding the
underlying principles of the Bernstein solver. The second part of our work
was much more technical. It consisted in the implementation of the solver in
C++ according to good programming standards in order for the solver to be
easy to use and to extend by other project members. The third part of our
work was to implement and test possible optimizations for the solver. The
main optimization concerns the use of sparse matrices.

The rest of this report is organized as follows: chapter 2 describes the
existing work related to Geometric Constraints Solving Problems (GCSP).
Details of the Bernstein polytope-based solver are provided in chapter 3. Our
contribution to the improvement of the solver is presented in chapter 4 before
the exposition in chapter 5 of some results that we have obtained. Finally, a
conclusion and some directions for future work are discussed.

2 Related work

GCSPs have retained much of the researchers attention since several decades.
This attention may be justified by the advances in computing systems, in
terms of both hardware capabilities and software facilities, that translated
into a growing need for new CAD/CAM techniques and opened new perspec-
tives for the implementation of researchers ideas. A pioneering and revolu-
tionary work [Sut63] was the sketchpad program proposed by Ivan Sutherland
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during his PhD thesis and for which which he received the Turing Award in
1988. According to the abundant literature, one may classify prior work
about GCSPs into two classes: formal approaches and numerical ones. In
the sequel, we will cover each of these two classes of methods and compare
them. Please note that the Bernstein polytope-based solver belong to the
second category and that its discussion is deferred to chapter 3.

2.1 Formal approaches

As their name indicates, they aim to solve GCSPs in an exact and for-
mal manner. They proceed through the symbolic manipulation of GCSPs.
Within this class, we can find several variants as detailed in the next para-
graphs.

2.1.1 Gröbner bases method

This method is classical among formal ones and was first proposed by Buch-
berger [Buc85] and named after his advisor Wolfgang Gröbner. It has foun-
dations in ideal theory and has been applied to GCSPs in [EY88,Kon92]. An
ideal is a space of polynomials generated by a family of basis polynomials by
internal addition and external multiplication operations. The principle of this
method is that starting from a set of polynomials p1, p2, . . . , pn representing a
system we want to solve, one finds a family of independent basis polynomials
called Gröbner basis. The main advantage of computing a Gröbner basis
is that it provides the same solutions for the considered system and that
it is easy to solve than the original system p1, p2, . . . , pn represented in the
canonical basis. Since Gröbner bases form a triangular system, the solution
can be easily computed by simple substitution techniques. An algorithm
for the computation of Gröbner bases has been proposed in [Buc85]. The
bottleneck of this method is the exponential time (in terms of the system’s
degree) required for the computation of the Gröbner basis itself, which makes
it impractical for large size GCSPs.

2.1.2 Ritt-Wu method

In the same spirit of the Gröbner bases method, the principle of the Ritt-
Wu approach is to find, starting from a polynomial system that we want to
solve, a characteristic set whose solution is both equivalent to the studied
system and easier to compute. The characteristic set is a set of polynomials
computed as Algebraic combinations of the polynomials of the original sys-
tem. Its computation follows the pseudo-division algorithm. As the Gröbner
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bases method, the Ritt-Wu one suffers from the exponential complexity of
the characteristic set and is thus useless for large size systems.

This method was named after Ritt who introduced it [Rit50] and Wu who
rediscovered it [Wu86]. Besides GCSPs, Ritt-Wu and Gröbner bases methods
have been used for automatic theorem proving in geometry [Wan04].

2.1.3 Resultant method

This approach is based on determinants theory [GKZ94]. Resultants play
for non-linear systems the role that determinants play for linear ones. This
means that as the determinant of a matrix representing a linear system de-
termines the solutions of this system, the resultant does the same for a non-
linear problem. So a resultant is a generalization to non-linear systems of
determinants used for linear systems solving.

Given a non-linear problem, this approach first constructs the resultants
matrix as described in [Mac02, EM98], then it computes the resultant. If
the resultant is non-null, then the considered system has a finite number of
solutions, computed after generating multiplication operators [Mou00]. This
approach is limited to well-constrained (square) systems since it is based on
determinants theory.

2.1.4 Geometric approaches

So far, the presented formal methods have been used for GCSPs regardless of
any geometric information. They present the advantage of being general (no
geometric consideration). Geometric methods, on the other side, do benefit
from information governing the geometric objects and constraints composing
a GCSP. These methods are thus specialized for smaller and particular prob-
lems (e.g., the compass and straight-edge constructions) and lack generality.
They compute the set of solutions for a particular GCSP in terms of the po-
sitions, orientations, and dimensions of the geometric objects satisfying the
given constraints. Geometric techniques are often used in decompositions
schemes, i.e. they are used to solve sub-problems of a decomposed GCSP,
whose global solution is obtained by a reconstruction. Their main advantage
is their ability to handle system singularities, which is not the case of the
aforementioned methods (e.g., a nul resultant).
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2.2 Numerical approaches

These methods involve numerical analysis techniques and their main goal is
the successive approximation of the solutions of a GCSP. In general, they are
able to solve any GCSP. However, the suffer from numerical issues related to
floating-point arithmetic, besides their approximative nature.

2.2.1 Classical iterative techniques

These techniques are widespread in literature and we cite the bisection, gra-
dient descent, Newton-Raphson, and secant methods [AI97, JW00, Sny05,
BF10]. The principle is almost the same for all of them: one has to start
with an initial guess of the solution and iteratively update it until either
the error measure between the successive approximations of the solution is
below some threshold (convergence) or until a predefined maximum number
of iterations has been reached.

The most known technique is the Newton-Raphson one and its vari-
ants [Ypm95,Deu06]. Given an initial guess of the solution x0 for a multivari-
ate function f(x), the Newton-Raphson method iteratively computes the se-
ries terms x1, x2, . . . , xn through the formula xn = xn−1−J−1(xn−1)f(xn−1),
where xn is a better approximation of the solution than xn−1 and J is the Ja-
cobian of f(x). In general, the Newton-Raphson method converges quickly if
the initial estimate x0 is “close enough” to the solution of the system. How-
ever, Newton-Raphson method may converge to a distant solution or may
diverge at all. In addition, the determinant of the Jacobian J(xn−1) must be
non-null at each iteration in order for the method to be successful.

One can also think of the GCSP as an optimization one by considering
the minimization of an objective function expressed in terms of the geometric
constraints of the GCSP. The solution will be obtained when the objective
function value equals zero.

2.2.2 Homotopy

Homotopy or continuation [AG93] has also been used for GCSPs in robotics
and CAD/CAM contexts [Mor87, LM95, LM96, WMS90]. The principle is
to iteratively deform the solutions of a well known system until they coin-
cide with those of the system we want to solve. Roughly speaking, given
a system of equations F (x) to solve, the homotopic function H given by
H(x, t) = tF (x) + (1 − t)G(x) defines a system of equations with the same
number of solutions as F (x), where t ∈ [0, 1] is a parameter and G(x) is a
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system of equations whose solutions are already known. Thus, by iteratively
varying t from 0 to 1, the solutions of the homotopic function H(x, t) follow
homotopic paths starting from the solutions of G(x) and ending at the de-
sired solutions of F (x).

One major consideration for homotopy is the choice of the system G(x).
This later must have at least the same number of solutions of F (x) and
all those solutions must be known in order to follow homotopic paths lead-
ing to the solutions of F (x). For polynomial systems F (x), there exists a
technique allowing to obtain the system G(x) [Dur98]. For non-Algebraic
systems, there is no canonical and easy way to find an adequate G(x). Com-
pared to some classical numerical approaches such as the Newton-Raphson
method, homotopy has shown a better robustness and has the ability to find
all solutions of an Algebraic system.

2.2.3 Interval techniques

These techniques were introduced in order to overcome the problem of the
propagation of numerical errors through iterative methods, which leads to
completely false solutions. The main reason for such a catastrophic behaviour
is that while these methods are supposed to deal with real numbers in R,
their implementations rely in fact on floating point arithmetic, described in
IEEE 754 standard, and whose set of representable numbers F, is just a sub-
set of R. Added to that, the arithmetic operations in F are not equivalent to
those in R even for operands that are exactly represented in F.

In order to surmount these numerical issues, interval analysis has been
investigated and implemented [Moo66, Dav87, Kla93, BBP98, HW04, RR05].
The principle is that instead of handling the value of a real variable x with
a floating point number, an interval [x, x] containing x and bounding the
error introduced in its computation is used. By doing so and by generalizing
arithmetic operations to intervals, one can guarantee the correct propagation
of the errors during the computations and ensures exact computations.

Interval techniques are adaptations of classical numerical methods (such
as Newton-Raphson) by relying on interval arithmetic. They give intervals
and not values as solutions. Interval arithmetic principles such as the inclu-
sion property ensure that the desired solutions lies in the resulting intervals.
Interval techniques are very interesting since they combine efficiency of nu-
merical methods as well as exactness of formal ones.
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2.3 Comparison of GCSPs methods

The choice of the resolution method depends on GCSP needs. If one seeks
efficiency, then numerical methods are definitely better. If exactness is tar-
geted, then formal methods should be considered.

In general, the main advantages of formal approaches over numerical ones
are correctness and completeness, i.e., they compute all solutions in a sym-
bolic (exact) form and are able to find all solutions. Their bottlenecks reside
in their limitation to Algebraic GCSPs and their exponential complexity.
Even if geometric (formal) methods have a polynomial complexity, they are
still limited to smaller and particular problems for which they have been
tailored. On the other side, numerical methods are more efficient but they
do not guarantee correctness and completeness, hence they cannot be used
within GCSP decomposition strategies.

3 The Bernstein solver

In this chapter, we explain the principles governing our solver based on Be-
rnstein polytopes. Detailed material concerning Bernstein polytopes can be
found in former work achieved by the project members [FMF09, FMF10b,
FMF10a,MF11,FMF12]. So in the sequel, we will:

• Define some necessary material such as Bernstein polynomials and the
concept of the Bernstein polytope;

• State the purpose of the solver;

• Provide a description of the resolution method.

The purpose here is not to enter in the computational details, but to give
an overview of our work.

3.1 Abbreviations

Here, we give some abbreviations that we will use in this report.

• BBS : the Bernstein Based Solver.

• System: a set of polynomial equation that is supposed to be solved.

• Equation: a row of a system (matrix)
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• LP : a Linear Problem

• Constraint : a row of a LP

• OF : Objective Function of a LP

• LP Solver : can be the simplex algorithm or any other solver for LP.

3.2 Important concepts

Our solver is based on a new method, that uses Bernstein polynomials. Be-
rnstein polynomials are a family of polynomials well known in mathematics.
We use them as a tool in our solver. As the idea is new, it is important to give
some information about these polynomials and to explain how to use them.
Also, we introduce a new concept: the Bernstein polytope. Our method also
uses linear programming techniques, found in optimization problems, subject
to linear constraints in the form of equations or inequalities. However, we
will not enter in the details of linear programming. More reading about this
topic can be found in [Van07].

3.2.1 Bernstein Polynomials

The Bernstein polynomials of degree n are defined by:

Bn
i (x) =

(
n

i

)
xi(1− x)n−i, i = 0 . . . n

There exist n + 1 Bernstein polynomials of degree n. For mathematical
convenience, we usually write:

Bn
i = 0 for i < 0 or i > n

Bernstein polynomials of degree 0

There exists only one Bernstein polynomial of degree 0:

B0
0(x) =

(
0

0

)
x0(1− x)0 = 1

Bernstein polynomials of degree 1

For degree 1, there exist two Bernstein polynomials:

B1
0(x) =

(
1
0

)
x0(1− x)1 = 1− x

B1
1(x) =

(
1
1

)
x1(1− x)0 = x
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Bernstein polynomials of degree 2

The three Bernstein polynomials of degree 2 are:

B2
0(x) =

(
2
0

)
x0(1− x)2 = (1− x)2

B2
1(x) =

(
2
1

)
x1(1− x)1 = 2x(1− x)

B2
2(x) =

(
2
2

)
x2(1− x)0 = x2

Some properties of Bernstein polynomials

Bernstein polynomials have several interesting properties, among them
we cite:

• They are non-negative over [0, 1]:

Bn
i (x) >= 0 ∀x ∈ [0, 1]

• They form a partition of unity:

n∑

i=0

Bn
i = 1

3.2.2 Bernstein Polytope

A Bernstein polytope is a concept built from the non-negativeness property
of Bernstein polynomials. In this paper, we only consider polynomials of de-
gree 2 for the sake of clarity. The principle is quite similar for higher degree
polynomials and can be easily induced.

First, we describe the polytope for univariate polynomials P (x) for x ∈
[0, 1]. Then, we extend it to multivariate polynomials P (x1, x2) in two vari-
ables x1 and x2. For each case, we extend the definition of the polytope to
any interval [u, v].

Univariate polynomials

The Bernstein polytope is defined from the inequalities:

Bi(t) ≥ 0 for t ∈ [0, 1]

given by the Bernstein polynomials:
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B2
0(x) = (1− x)2 = x2 − 2x+ 1 ≥ 0

B2
1(x) = 2x(1− x) = 2x− 2x2 ≥ 0

B2
2(x) = x2 ≥ 0

By setting y = x2, we find:

B2
0(x) = y − 2x+ 1 ≥ 0

B2
1(x) = 2x− 2y ≥ 0

B2
2(x) = y ≥ 0

These 3 inequalities allow us to confine the curve y = x2 in a part of the
space over the interval [0, 1]. Figure 3.2.2 illustrates this concept.

Figure 1: Bernstein polytope of degree 2 enclosing the curve y = x2.

Indeed:

• y − 2x+ 1 ≥ 0→ y ≥ 2x− 1 implies that the curve of y will be above
the curve y = 2x− 1

• 2x − 2y ≥ 0 → y <= x implies that the curve of y will be below the
curve y = x

• y ≥ 0 implies that the curve of y will be above the curve y = 0

All this reasoning is only valid within the interval [0, 1]. In fact, we
just know that Bernstein polynomials are non negative over [0, 1]. We have

10



to extend the Bernstein polytope for univariate polynomials to handle an
arbitrary interval [u, v]. Let x ∈ [u, v], we can extend our idea by redefining
the Bernstein polytope as follows:

(v − x)2 = v2 − 2vx+ x2 ≥ 0
2(x− u)(v − x) = 2(−uv + x(u+ v)− x2) ≥ 0
(x− u)2 = u2 − 2ux+ x2 ≥ 0

As previously, we set y = x2 and find:

v2 − 2vx+ y ≥ 0
−2uv + 2x(u+ v)− 2y ≥ 0
u2 − 2ux+ y ≥ 0

These 3 inequalities allow us to confine y = x2 in a part of the space over
the interval [u, v]. So:

• v2 − 2vx + y ≥ 0 → y ≥ 2vx − v2 implies that the curve of y will be
above the curve y = 2vx− v2

• −2uv + 2x(u + v) − 2y ≥ 0 → y <= −(u + v)x − uv implies that the
curve of y will be below the curve y = −(u+ v)x− uv

• u2 − 2ux + y ≥ 0 → y ≥ 2ux − u2 implies that the curve of y will be
above the curve y = 2ux− u2

Please observe that one can retrieve the equations when x ∈ [0, 1] from
those derived for x ∈ [u, v] by just setting u = 0 and v = 1. The latter case
is a generalization for the former one for an arbitrary interval enclosing x.

Multivariate polytope

The previous definition concerns univariate polynomials P (x). We want
to extend the Bernstein polytope to multivariate polynomials P (x1, x2) and
be able to confine the product x1 ∗ x2. We already know how to confine x2,
so the same principle applies for x21 and x22.

The problem now is to handle mixed products x1∗x2. We can achieve this
by observing that the product of two arbitrary Bernstein polynomials over
the interval [0, 1] is positive. By choosing relevant Bernstein polynomials
whose degrees sum gives quadratic inequalities as follows:
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B1
0(x1)B

1
0(x2) ≥ 0

B1
0(x1)B

1
1(x2) ≥ 0

B1
1(x1)B

1
0(x2) ≥ 0

B1
1(x1)B

1
1(x2) ≥ 0

We find this:

B1
0(x1)B

1
0(x2) = (1− x1)(1− x2) = 1− x1 − x2 − x1 ∗ x2 ≥ 0

B1
0(x1)B

1
1(x2) = (1− x1) ∗ x2 = x2 − x1 ∗ x2 ≥ 0

B1
1(x1)B

1
0(x2) = x1 ∗ (1− x2) = x1 − x1 ∗ x2 ≥ 0

B1
1(x1)B

1
1(x2) = x1 ∗ x2 ≥ 0

By setting y = x1 ∗ x2, we obtain:

B1
0(x1)B

1
0(x2) = (1− x1)(1− x2) = 1− x1 − x2 − y ≥ 0

B1
0(x1)B

1
1(x2) = (1− x1) ∗ x2 = x2 − y ≥ 0

B1
1(x1)B

1
0(x2) = x1 ∗ (1− x2) = x1 − y ≥ 0

B1
1(x1)B

1
1(x2) = y ≥ 0

These 4 inequalities allow us to confine y = x1 ∗x2 in a part of the space.
As previously explained:

• 1 − x1 − x2 − y ≥ 0 → y <= 1 − x1 − x2 implies that the curve of y
will be below the plan y = 1− x1− x2

• x2 − y ≥ 0 → y <= x2 implies that the curve of y will be below the
plan y = x2

• x1 − y ≥ 0 → y <= x1 implies that the curve of y will be below the
plan y = x1

• y ≥ 0 implies that the curve y will be above the plan y = 0

Again this reasoning is only valid within the interval [0, 1]. We again
need to extend the Bernstein polytope for multivariate polynomials to handle
arbitrary intervals [u, v]. Let x1 ∈ [u1, v1], and x2 ∈ [u2, v2]. The extension
is made by redefining the Bernstein polytope from:

(v1− x1)(v2− x2) = v1v2− v1x2− x1v2 + x1x2 ≥ 0

(v1− x1)(x2− u2) = v1x2− v1u2− x1x2 + u2x1 ≥ 0

(x1− u1)(v2− x2) = v2x1− x1x2− u1v2 + u1x2 ≥ 0

(x1− u1)(x2− u2) = x1x2− u2x1− u1x2 + u1u2 ≥ 0
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Setting y = x1 ∗ x2 gives:

v1v2− v1x2− v2x1 + y ≥ 0

v1x2− v1u2− y + u2x1 ≥ 0

v2x1− y − u1v2 + u1x2 ≥ 0

y − u2x1− u1x2 + u1u2 ≥ 0

These 4 inequalities allow us to confine y = x2 in a part of the space over
the interval [u, v]:

• v1v2 − v1x2 − v2x1 + y ≥ 0 → y ≥ v2x1 + v1x2 − v1v2 implies that
the curve of y will be above the plan y = v1x2 + v2x1− v1v2

• v1x2− v1u2− y + u2x1 ≥ 0→ y <= u2x1 + v1x2− v1u2 implies that
the curve of y will be below the curve y = u2x1 + v1x2 - v1u2

• v2x1− y− u1v2 + u1x2 ≥ 0→ y <= v2x1 + u1x2− u1v2 implies that
the curve of y will be below the curve y = v2x1 + u1x2− u1v2

• y − u2x1− u1x2 + u1u2 ≥ 0→ y ≥ u2x1 + u1x2− u1u2 implies that
the curve of y will be above the curve y = u2x1 + u1x2− u1u2

Again, please observe that the later case is a generalization to arbitrary
intervals of the former case.

3.3 Purpose of the solver

The solver is very important for the whole project, as it is the core com-
ponent used for the application and the investigation of the other parts of
the project. For geometrical modelling needs, we are required to solve large
size systems of equations. These systems represent mathematically the con-
straints in the real world. So, the solver’s goal is to solve such systems of
constraints.

What deserves to be highlighted is that our solver is able to solve mul-
tivariate polynomial systems of equations. It is well known in mathematics
that solving such systems involving higher degrees and/or dimensions is dif-
ficult. The capability of our solver to deal with these systems constitutes its
main advantage.
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Moreover, as our solver belongs to numerical approaches category with-
out any geometric assumption, it can be used to solve geometric constraints
systems, as well as any other general problem involving multivariate polyno-
mials in any field.

3.4 Description of the method

Here, we will describe the internal steps of our solver to solve complex mul-
tivariate polynomial systems. In summary, there are two main steps which
that are the linearisation process and the LP solving process.

• The linearisation process consists in transforming one complex non-
linear system in a bunch of LPs to solve. All the magic of the idea is
here.

• The linearisation process give us LPs to solve. So, the second very
important step is the solving of these systems. This step requires to be
very optimized as the major computation time is passed here.

The schema 3.4 represents the different steps of the algorithm.

3.4.1 Linearisation of the problem

A multivariate polynomial system is in general very difficult to solve, to
study, and there is no precise knowledge on it. However, LPs are much more
simple to solve, and there are lot of techniques to solve them. The lineari-
sation is possible thanks to Bernstein polytopes. Indeed, Bernstein polytope
gives us constraints that will be added to LPs and thus helps us to shrink
the interval of each variable.

For each variable, we will build two different LPs, one LP to compute
the maximum value a variable can reach, and a second LP to compute the
minimum value a variable can reach. Doing this, we will be able to shrink
the interval of a variable. The better way to understand it is to see it. The
figure 3.4.1 shows a simple example of the linearisation process.

3.4.2 LP solving and system update

As mentioned above, we create two LPs for each variable of the system. The
resolution of these LPs allows us to confine more and more each variable of
the given system, i.e. to shrink more and more the interval it could be in.
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Figure 2: Global schema of the BBS.

After solving the LPs, we have to analyze the obtained results. If the
results give us an accurate enough interval for all variables, we can stop the
process and deduce an approximate value of each variable from its bounds.
If the results are not accurate enough, we have to update the bounds of
each variable, and generate new LPs while paying attention to recompute
Bernstein polytopes with the new bounds.

4 Our contribution

4.1 Solver implementation

In this section, we will give information about the progression of the solver
implementation. Indeed, we have implemented the solver described previ-
ously using C++. Many things have been done on the solver to make it
clean, simple to understand, extensive and optimized. This solver will be
used by different parts of our project, this is why we need a robust imple-
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Figure 3: Example of LP generation process.

mentation. In the following, we will give an overview of the whole program,
and explain a little more each of the modules that compose it.

4.1.1 Overview of the program

The BBS is written in C++. At this moment, although we can use it to
make tests, we are still working on it to improve its design and optimize the
computation.

Features

Here, we will give some of the most important features that have already
been implemented:

• The solver handles different types of LP Solvers (Standard Simplex,
Revised Simplex).

• It handles different formats of storage (Normal matrices and Sparse
matrices).

• The design is modular, every module of the program can be used inde-
pendently (LP Solvers included).
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• The solver is extensible, i.e. it is easy to add new features.

Figure 4: Class diagram of the implementation.

4.1.2 The different modules

As mentioned previously, our program is modular. Here, we will describe
quickly three of these modules. First, the module System whose goal is to
handle multivariate polynomial systems. Then, the LP module that handles
LPs, and the module LP Solver, whose task is to provide LP Solvers to the
whole program.

Module System

The System module is dedicated to the handling of Systems. All op-
erations related to systems are encapsulated in this module. Moreover, to
respect the encapsulation principle, a class called SystemManager is dedi-
cated to the communication with the module System.

Module LP
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Figure 5: Class diagram of the System module.

The LP module is dedicated to the handling of LPs. All operations related
to LPs are encapsulated in this module. Moreover, to respect the encapsula-
tion principle, a class called LPManager is dedicated to the communication
with the module LP.

Module LPSolver

The LPSolver module is dedicated to the handling of LP Solvers. It allows
us to extend our program by implementing new LP Solvers and testing our
application with a variety of LP Solvers.

4.1.3 Problems and difficulties

Our solver deals with numbers, sometimes very small. We know that it is
very difficult to represent exactly the real world under a computing form.
For us, we have two major difficulties, which are the choice of a structure to
represent sparse matrices, and the problem of numerical stability.

Structure

We need to represent sparse matrices in our program. Theoretically, the
program running with sparse matrices is faster than the program running
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Figure 6: Class diagram of the LP module.

Figure 7: Class diagram of the LP Solver module.

with dense matrices. Indeed, in a sparse matrix, we have only a tiny number
of non zero values, so the data to process are not numerous. However, we
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have cope with sparse matrices program running slower than original algo-
rithm.

The reason is that we have used misfit structures, in which there is a lot
of hidden operations. This problem has been solved by using our own struc-
ture, based on pointers. The structure is a lot more complex to implement,
but the result is here. Pointers allow us to avoid a lot of side effects that
results in a waste of computation time.

Numerical stability

Another problem we face is the numerical stability. Indeed, in computers,
real numbers are not represented completely. There is also a limited amount
of space to represent a given float number. Sometimes, when deal with tiny
numbers with a big decimal, all the decimals will not be represented within
the computer.

The problem is especially in iterative algorithms. We have two things
established to face this problem.

• First, we use a revised version of the simplex algorithm as LP Solver.
This specific version enables to use the starting data for each step of
the iterative process. This avoid, or even withdraw, the numerical
instability.

• Also, the using of interval arithmetics can help us. The idea is to not
represent numbers as numbers, but as intervals we are sure the given
number is in. This is not already implemented but it is in our plan.

4.2 Improvements

In this chapter, we will present the main improvements on implemented in
our solver. As mentioned in the description of our method, the solving of LP
Problems is the hearth of our application. The main part of the computation
time is spent in this part of the problem. All the other computations are
required to build LPs and to gather results from LP Solvers. That is why
optimization work has to be done on LP Solvers.

4.2.1 Storage of the data

One important point in our algorithm is the storage of the data. Indeed,
in general, using the simplex algorithm requires to represent our LP as a
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tableau, i.e. a matrix in a computer. However, our matrices are very sparse,
for more than one reason:

• First, we do not forget that our systems come from geometrical con-
straints problems. And usually, these systems are by nature very
sparse. This means that the equations will have a lot of zero entries.

• The tableau built to solve the simplex algorithm adds sparsity to the
problem. Indeed, for a given problem, we will add several columns with
just one value in this column. Actually we will add as column as needed
to get the matrix as a subset of our tableau. The identity matrix is by
nature very sparse to. For a square matrix of order n, there is 1/n non
zero values. So, the more the problem is big, the more our data will be
sparse.

• In our precise case, the solver adds Bernstein constraints to the LPs.
Bernstein constraints are of two kinds. Bernstein constraints for a
square variable x2 are the following:

v2 − 2vx+ y ≥ 0
−2uv + 2x(u+ v)− 2y ≥ 0
u2 − 2ux+ y ≥ 0

Each of these constraint give only two coefficients, whatever the number
of variable of the whole system. So, each constraint will be added to
our tableau as row, and there will be at most three non zero values
in this given row. So, the more the problem is big, the more it will
be sparse in term of rows. A similar observation can be done with
Bernstein constraints for a mixed variable x1 ∗ x2, which are

v1v2− v1x2− v2x1 + y ≥ 0
v1x2− v1u2− y + u2x1 ≥ 0
v2x1− y − u1v2 + u1x2 ≥ 0
y − u2x1− u1x2 + u1u2 ≥ 0

So, there is at least three factors that involve the sparsity of our systems.
Moreover, the effect of each of these factors is added to each other, and the
more the problem is big, the more the it is sparse. So, the more the problem
is big, the more we hope a better computation time improvement relatively
to the dense version.
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On the strength of this observation, the idea is to store and handle matri-
ces differently than usual. Indeed, if there is only a tiny number of non zero
values, we had better to find a way to skip all the zero entries in our data
and only store the non-zero entries. The idea is not only to store differently
our tableau, but also to adapt our algorithms to suit our new implementation.

The subject of sparse matrices has already been treated by different
teams, and there is no just on way to store sparse matrices, but anyone
can create its own representation. The problem is how to choose a represen-
tation. Our problem is very sensitive, and we need to have the best results,
so we have to study our algorithm and to see what are the most costly oper-
ations, and design a sparse matrix representation that will allow us to have
the best results.

Let’s see some existing representation of sparse matrices to clarify this in
our spirit. The figure 4.2.1 represents the Modified Sparse Matrix format,
and the figure 4.2.1 shows the Double Linked List format.

Figure 8: Modified Sparse Matrix - MSM format.

Although our program implements different versions of LP solvers, we will
only deal with the revised simplex algorithm, that is the most efficient up to
now. In our algorithm, we have specific needs, so we will try to elaborate a
sparse matrix representation that suits our needs. Lets see some steps of our
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Figure 9: Double Linked List - DLL format.

algorithm that are expensive in time:

• The first costly step is to compute the inverse of the basis matrix. For
this, we use the LU inversion preceded by a LU factorization. LU
inversion requires two matrix multiplications.

• Then, we have to perform several matrix multiplication also to get for
example the new right side coefficients, the new objective function, i.e.
the same function but expressed in terms of new basis and non basis
variables, etc.

• Then, we have to look for the variable which will enter in basis. Con-
cretely, we have to look for the maximum coefficient available in the
last row of our tableau.

• Then, we have to look for the variable which will leave the basis. Pro-
grammatically, we will through two columns of our tableau, the new
right column of the tableau and the new column which corresponds to
the entering basis.
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That said, we observe that we often need to access elements through
columns and through rows. So, the double linked list format presented above
seems to be a good format for us. However this format seems to be adapted
to through matrices, it is expensive in terms of update of the matrix. Indeed,
if we want to add just an element, we have to update at least eight pointers
to maintain the consistency of the matrix.

What we have done is a compromise between this the access and the
update of a matrix. We represent our sparse matrices as simple linked list,
in terms of columns. This means that each column is represented as a linked
list, and that there is no access in rows. The figure 4.2.1 gives an example of
a matrix and its equivalent in our format, to make it easy to understand.

Figure 10: Sparse matrix schema.

A problem that can arise with a such representation is that sometimes we
have to through line of matrices, which is costly to do with our representation.
This problem can be bypassed by two methods.

• First, as we deal with a lot of simple matrices, with just one row or
one column, like for example the objective function, the pivot column,
the right column, we can represent all the row matrices with column
matrices and adapt the algorithms to take in account this storage.

• A second thing is that it is very easy to transpose a matrix with our
representation. If it is requires to through matrices by row, we can
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compute its transpose very quickly. The complexity to compute the
transpose of a sparse matrix in our format is O(nz) where nz represent
the number of non-zero entries in the given matrix.

4.2.2 Required algorithms

Before detailing the former steps of the algorithm, we describe two algorithms
that are used as tools for the others. These are the transpose of a matrix,
and the gauss operation.

Transpose a matrix

With a dense implementation, the complexity to compute the transpose
of a matrix of order n is O(n2). We need to visit each entry and compute
the result. With our sparse implementation, it can be done in O(nz), where
nz is the number of non-zero entries in our matrix. The more the matrix is
sparse, the more the improvement is better.

Gauss operation

A Gauss operation between two vectors A1 and A2 consists in computing
A1 + C ∗ A2 where C is a given coefficient. This operation is required for
the LU factorization process. With a dense implementation, the complexity
of this algorithm is O(n) where n is the size of each vector. With our sparse
implementation, the complexity of the same algorithm is O(nz), where nz is
the number of non zero values in the vector A2. Indeed, for each null value
of A2, the computation is useless as the result is given by the value in A1.

4.2.3 LU factorization and Inversion

LU factorization

LU factorization is the process to factorize a given square matrix A into
a product of two triangular matrices, one lower triangular, called L and one
upper triangular, called U . The algorithm to perform this is to eliminate the
lower part of the matrix A and to put it into another matrix L at the same
place. The elimination is possible thanks to Gauss operations.

To perform this, we have to access to all the entries under the first di-
agonal by rows. If the matrix is of order n, then we have to access to O(n)
entries (half of the complete matrix). For each of these value, we have to
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compute a Gauss operation between two vectors whom size is O(n). So, the
complexity of the algorithm is O(n2).

To perform the LU factorization with our sparse matrices, it is not neces-
sary to through all the values under the first diagonal. Indeed, our matrices
are sparse, so the majority of numbers are already zero, so there is no need to
compute them. We only have to calculate the non-zero values under the first
diagonal. Lets assume the non zero values are proportionality distributed
in the matrix, each line and each column of will have nz/n non-zero values,
where n is the order of the matrix and nz the number of non-zero values in
the whole matrix.

So, to perform the LU factorisation, we will have to access to nz/2 entries.
For each of these entries, we have to compute a Gauss operation between two
lines of the matrix A, whom complexity is O(nz/n). So, the complexity of
the LU factorization with our sparse matrices is the product of the two for-
mers complexity, so it is O(nz2/n).

LU inversion

The LU inversion of a matrix uses LU factorization. So, the improvement
of the LU factorization involves an improvement for the LU inversion. LU
inversion is also based on forward substitution and back substitution, which
are two methods to solve linear systems respectively lower triangular and
upper triangular.

The computation of back and forward substitution are similar, and they
have the same complexity. For a square system with n variables and n
independent equations, the complexity of these algorithm is O(n2) as we
need to visit each entry of the system, which has n2 entries.

4.2.4 Matrix multiplication

For the needs of the revised simplex algorithm, we need to compute several
matrices multiplication. The complexity of matrix multiplication is is O(n3)
for a dense implementation. With our format, the algorithm is improved by
visiting only non-zero values. Indeed, zero values are without effect on the
result of a such multiplication.

A matrix product is in fact a series of scalar products of vectors of size
n, where n is the number of columns of the first matrix, and the number
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of rows of the second matrix. With our sparse matrices, the scalar product
complexity is O(nz/n) where nz is the number of non-zero entries of the
matrix, and n is the number of columns of the matrix. So, the complexity of
matrix multiplication with our sparse implementation is O(nz2/n). Indeed,
we have to fill each value of the result matrix, which represents nz. For each
value, we have to compute a scalar product of complexity O(nz/n). So, the
global complexity of the algorithm is O(nz2/n).

4.2.5 Pivot row search

At each iteration of the simplex algorithm, we have to look down the pivot
column to find the pivot element. With normal matrix representation, we
have to check as much elements as the number of rows. However, with
our spare matrix representation, we only have to check non zero elements,
that represents a tiny number number compared to the number of rows. The
complexity switches from O(n) to O(nz/n) where n is the size of the column,
and nz the number of non-zero entries in the tableau. Please have a look at
the figure 4.2.5.

5 Results and discussion

In the previous chapter, we explained in details the improvements we made
in our program. Now, we give some results we have obtained. As the main
algorithm is complex and is based on other algorithms, we will perform a
comparison to have a good idea about where the best improvement is done.

5.1 Transpose

Because we have chosen to optimize the sparse matrix implementation to
through the columns of the matrix, we often need to transpose our matrices,
when the algorithm require to trough the rows. We have chosen this method
because the transpose is very easy to perform with our implementation. We
have to remember that our algorithm deals with very sparse matrices, with a
tiny rate of non-zero values. We have tested the difference between the dense
transpose algorithm and our sparse one. We give a chart 5.1 that represents
the computation time depending on the density of the matrix, for different
matrix sizes.

We notice that the improvement is better for bigger matrices and lower
density rate. The more the matrix is big and the more the sparsity is big,
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Figure 11: Pivot row search comparison.

our algorithm will increase the computation time of a transpose. The best
acceleration we have gotten is 2179, for a matrix of 1 million values and a
density of 1 percent. Theoretically, the acceleration should be better than
the one we have practically. This can be explained by the internal structure
of the sparse matrix. Indeed, as we only store non-zero values for them,
the structure requires some maintaining algorithm. For a normal matrix, set
the value at a position (i, j) is very easy, and it is done in constant time.
However, with our sparse matrices, we have to maintain the consistency and
update all the neighborhood of the value we want to change.

5.2 Matrices multiplication

Matrices multiplication is also often required in our algorithm. We have
written a new algorithm adapted to our representation of sparse matrices.
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Figure 12: Transpose versus density.

Similarly to the transpose algorithm, the acceleration is better for big ma-
trices with a small density rate. Practical results confirm the theory. The
chart 5.2 represents the times of computation for the dense version and the
sparse one.

5.3 LU factorization and Inversion

LU Inversion is based on the factorization. The LU factorization is a process
that is based on Gauss operations. We have seen in the previous section how
a Gauss operation can be improved with our sparse implementation, by just
visiting elements which involve a change in the result. LU factorization is a
result of it.

5.4 Revised simplex algorithm

The revised simplex algorithm is the heart of the computation. It used all
the sub-algorithms mentioned above. As we expected it, the sparse version
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Figure 13: Matrix product versus density.

of the revised algorithm is accelerated compared to the dense version. The
improvement we note depends too on the sparsity of the matrix given by our
problems, and rely on sub-algorithms.

By using all these changes, we succeeded to accelerate the revised sim-
plex algorithm. Indeed, in most of our tests, the time to compute the simplex
algorithm is roughly divided by two if we use our sparse matrices represen-
tation. We give for a problem with about 100 variables and 150 equations,
plus the Bernstein equations. The result is given here 5.4.

6 Conclusion

In this report, we have presented the main aspects of our work during the
past months. An important part of our time, at the beginning, has been
spent in reading scientific papers about the subject in order to have a deep
understanding of the method. The second part of our work has been to
implement the solver in C++, in order to provide an easy to understand
material (documentation, software) that will be used by the members of the
team. The third part of our work has been to try to propose some improve-
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Figure 14: Revised simplex acceleration.

ments and new ideas for the solver, and to implement them. Currently, We
are still working on the solver design and optimization. There are still other
techniques that we plan to use to improve it, like interval arithmetic, which
enables to avoid rounding errors. Another important point concerns the de-
sign of a rich user interface for the solver, which is very useful when it comes
to expose our work publicly.
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[HW04] E.R. Hansen and G.W. Walster. Global Optimization Using In-
terval Analysis: Revised and Expanded. Pure and Applied Math-
ematics Series. Marcel Dekker, 2004.

[JW00] Ortega J.M. and Rheinboldt W.C. Iterative Solution of Nonlinear
Equations in Several Variables. Society for Industrial and Applied
Mathematics, 2000.

[Kla93] R. Klatte. C-XSC: a C++ class library for extended scientific
computing. Springer-Verlag, 1993.

[Kon92] K. Kondo. Algebraic method for manipulation of dimensional
relationships in geometric models. Computer-Aided Design,
24(3):141 – 147, 1992.

[LM95] H. Lamure and D. Michelucci. Solving geometric constraints by
homotopy. In Proceedings of the third ACM symposium on Solid
modeling and applications, SMA ’95, pages 263–269, New York,
NY, USA, 1995. ACM.

[LM96] H. Lamure and D. Michelucci. Solving geometric constraints by
homotopy. Visualization and Computer Graphics, IEEE Trans-
actions on, 2(1):28 –34, mar 1996.

33



[Mac02] F.S. MacAulay. Some formulæ in elimination. Proceedings of the
London Mathematical Society, s1-35(1):3–27, 1902.

[MF11] D. Michelucci and Christoph Fünfzig. Linear programming for be-
rnstein based solvers. In Thomas Sturm and Christoph Zengler,
editors, Automated Deduction in Geometry, volume 6301 of Lec-
ture Notes in Computer Science, pages 163–178. Springer Berlin
Heidelberg, 2011.

[Moo66] R.E. Moore. Interval analysis. Prentice-Hall series in automatic
computation. Prentice-Hall, 1966.

[Mor87] A. Morgan. Solving polynomial systems using continuation for
engineering and scientific problems. Prentice-Hall, 1987.

[Mou00] B. Mourrain. An introduction to algebraic methods for solving
polynomial equations, 2000. Tutorial.

[NPR] Research Plan for the NPRP proposal N◦ 09-906-1-137. Design
and implementation of a new geometric constraint solver based
on Bernstein polytopes. December 2009.

[Rit50] J.F. Ritt. Differential Algebra. Colloquium Publications. Dover
Publications, 1950.

[RR05] N. Revol and F. Rouillier. Motivations for an arbitrary preci-
sion interval arithmetic and the mpfi library. Reliable Computing,
11:275–290, 2005. 10.1007/s11155-005-6891-y.

[Sny05] J. Snyman. Practical Mathematical Optimization: An Intro-
duction to Basic Optimization Theory and Classical and New
Gradient-Based Algorithms. Applied Optimization. Springer,
2005.

[Sut63] I.E. Sutherland. Sketchpad: A Man-Machine Graphical Commu-
nication System. In E. Calvin Johnson, editor, Proceedings of the
1963 Spring Joint Computer Conference, volume 23 of AFIPS
Conference Proceedings, pages 329–346, Baltimore, MD, 1963.
American Federation of Information Processing Societies, Spar-
tan Books Inc.

[Van07] R. Vanderbei. Linear Programming: Foundations and Extensions.
International Series in Operations Research & Management Sci-
ence. Springer, 2007.

34



[Wan04] D. Wang. Geother 1.1: Handling and proving geometric theorems
automatically. In Franz Winkler, editor, Automated Deduction in
Geometry, volume 2930 of Lecture Notes in Computer Science,
pages 194–215. Springer Berlin / Heidelberg, 2004.

[WMS90] C.W. Wampler, A.P. Morgan, and A.J. Sommese. Numerical con-
tinuation methods for solving polynomial systems arising in kine-
matics. Journal of Mechanical Design, 112(1):59–68, 1990.

[Wu86] W.-T. Wu. Basic principles of mechanical theorem proving in
elementary geometries. Journal of Automated Reasoning, 2:221–
252, 1986.

[Ypm95] Tjalling J. Ypma. Historical development of the newton-raphson
method. SIAM Review, 37(4):pp. 531–551, 1995.

35



Chapter 5

Topology and numerical
optimization

This chapter presents a report written by Jean-Marc Cane after studying
the mathematical background (e.g. the notions of homology, homotopy, sim-
plicial complexes, Morse theory, Morse-Smale theory), as well as the data
structures and the methods for topological computations (e.g. the DJC: De-
lanoue, Jaulin and Cottenceau’s (DJC) method, which computes a simplicial
complex homotopic to a set described by a system of inequalities). Since
topological computations entail solving geometric constraints and solving
optimization problems (for instance the solver based on the Bernstein poly-
tope requires Linear Programming), Jean-Marc also studied the problems
and methods of Mathematical Programming: Linear Programming, but also
convex optimization, Linear Complementarity problem, Krush Kuhn Tucker
theory, etc. This is justified because the basic problems about the Bernstein
polytope can be reduced to Linear Programming problems, but also to Linear
Complementarity problems. We also conjecture that the DJC method out-
puts a simplicial complex which is not only homotopic to the input geometric
set, but also isotopic, which is a stronger result. We hope that Jean-Marc
will prove this conjecture, or will find a counter-example.

The version of the report included in this chapter is a very first draft which it
is far from being completed [2]. It needs improvement at the level of writing
style as well as at the level of the content itself as several important sections
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have not yet been written. This draft version is included only as an indication
of the progress of the work done by Jean-Marc and should not be considered
as a final report.
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Topology and numerical optimization

Work on progress

Draft version N.1

Jean-Marc Cane

November 25, 2012

1 Data structures and algorithms for topological analysis

1.1 Algebraic topology

The main idea of algebraic topology is to create topological invariants which are algebraic objects.

De�nition 1 A topological invariant is a map f that assigns the same object to homeomorphic
spaces, that is to say :
X ≃ Y =⇒ f(X) = f(Y ).

Examples : The number of (path-)connected components, all the topological properties
(connectedness, compactness, ...).

We will give two central examples of algebraic topological invariants which are : the homotopy
groups and the modules of homology.

1.1.1 Homotopy groups

The fundamental group

De�nition 2 Let (X,x) with x ∈ X be a pointed topological space. The fundamental group of
(X,x), noted Π1(X,x), is the set of homotopy class of loops through x provided by the composition
of paths.

Proposition 1 If X is path-connected, then :
∀x,y ∈ X, Π1(X,x) ≃ Π1(X, y).
In this case, we will note Π1(X).

Proposition 2 The fundamental group is a topological invariant.

Now, we will give the fundamental groups of the "basic" topological spaces :
⋆ Π1(Rn) ≃ {e} (the trivial group, with only the neutral element):
we say that Rn is simply connected.
⋆ ∀ n ≥ 2,Π1(S

n) ≃ {e}.
⋆ Π1(S

1) ≃ Z (S1 is the circle and ituitively, Z counts the number of tours around the circle): it
is the �rst non-trivial example).

Proposition 3 (compatibility with product) Let (X,x), (Y, y) two pointed topological spaces.
Then we have : Π1(X × Y, (x, y)) ≃ Π1(X,x) × Π1(Y, y).

Application : The fundamental group of the torus T 2 := S1 × S1 is Z2.

1



The fundamental group is sometimes useful to prove that two topological spaces are not
homeomorphic.
Example : In R3, the sphere S2 and the torus T 2 are not homeomorphic, indeed we have :

Π1(T
2) ≃ Z2 � {e} ≃ Π1(S

2).

Homotopy groups of upper order

The main idea of this section is to generalize the fundamental group.
Notations : s0 = (1, 0, ..., 0) ∈ Sn the unit sphere in Rn+1.

De�nition 3 Let n ∈ N∗ and (X,x0) a pointed topological space. We de�ne the nth-homotopy

group as the set of homotopy class of maps (Sn, s0) −→ (X,x0) provided by the composition.

1.1.2 Homology

In this section, A will be a unitarian commutative ring.

Simplicial homomlogy

In this section, we de�ne before the simplicial homology for a simplicial complex and then for a
space provided by a ∆-complex structure (roughly speaking, that is to say we have a "simplicial
complex" on the space considered which covers it).

De�nition 4 A n-simplex in Rm is the convex hull of n+1 points v0,v1,...,vn which are a�nely
independent.
It is equivalent to say that the vectors v1 − v0,...,vn − v0 are independent.
Notation : [v0, ..., vn].
In this case, the integer n is called the dimension of the simplex [v0, ..., vn] and we note n =
dim[v0, ..., vn].

De�nition 5 A face of the simplex [v0, ..., vn] is a subsimplex [v0, ..., v̂i, ..., vn], with i ∈ [|1, n|]
(the notation v̂i means that vi is removed.

De�nition 6 The boundary of the simplex [v0, ..., vn] is the union of all of its faces.

De�nition 7 The standard n-simplex is by de�nition :
∆n := {(t0, ..., tn) ∈ Rn+1|Σi=0...nti = 1 and ti ≥ 0 for all i}.

Notation: Kn the set of n-simplices.

De�nition 8 A simplicial complex is a collection (δi)i∈I of simplices such that :
(i) ∀ i ∈ I, ∀ τ ≺ δi, ∃ j ∈ I, τ = δj.
(ii) ∀ i, j ∈ I , δi ∩ δj is empty or is a simplex in (δi)i∈I .

Notation : Cn(A) the free A-module with basis the n-simplices.

Background:[Euler characteristic]
Let K = (δi)i∈I a simplicial complex. We de�ne :

χ(K) := Σj∈N(−1)jnj

where : nj := |{i ∈ I/dimδi = j}|.
χ(K) is called the Euler characteristic of the simplicial complex K.
If two simplicial complexes K1 and K2 are homeomorphic, then :

χ(K1) = χ(K2)
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the Euler characteristic is a topological invariant.

Now, we will de�ne the simplicial homology for a simplicial complex.

De�nition 9 We call boundary operator and we note ∂ the collection of homomorphisms of
A-modules (∂n)n∈N de�ned by :

∂n : Cn(A) −→ Cn−1(A)

[v0, ..., vn] 7−→ Σi=0...n(−1)i[v0, ..., v̂i, ..., vn]

In fact, the de�nition of ∂n is the extension of this formula by A-linearity.

Proposition 4 We have : ∂2 = 0, that is to say :

∀n ∈ N, ∂n+1 ◦ ∂n = 0.

In other words, the boundary of the boundary is empty.

Therefore, we have a sequence of homomorphisms of A-modules :

Cn+1(A) ∂n+1−−→ Cn(A) ∂n−→...C1(A) ∂1−→ C0(A)

with the property : ∀n ∈ N, Im ∂n+1 ⊂ ker ∂n.

So we can de�ne the A-module Hn(A) := ker ∂n/Im ∂n+1 which is called the nth homology

A-module.

Then, we extend the de�nition of the simplicial homology to the topological spaces provided by a
∆-complex structure.

De�nition 10 A ∆-complex structure on a space X is a collection of continuous maps (σα)α∈Λ

(Λ is a set), such that for all α ∈ Λ, σα : ∆nα −→ X, such that :
(i) For all α ∈ Λ, the restriction σα|Int(∆nα) is injective and :
∀ x ∈ X, ∃! α ∈ Λ, x ∈ σα(Int(∆nα)).
(ii) ∀ α ∈ Λ, ∀ τ ≺ ∆nα , ∃ β ∈ Λ, nβ = nα − 1, σα|τ = σβ.
(iii) ∀ U ⊂ X, (U is open in X) ⇐⇒ (∀ α ∈ Λ, σ−1

α (U) is open in ∆nα).

Vocabulary : A topological space provided of a ∆-complex structure is also called a ∆-complex.

Remark : With these axioms, we have the following property :
∀n ∈ N , σα|Int(∆nα) is an homeomorphism onto its image.
So, we can tell that the σα(Int(∆nα)) are open n-simplices on X.

De�nition 11 We de�ne ∆n(X,A) as the free A-module with basis the open n-simplices on X.
The boundary operators ∂n are the homomorphisms of A-modules de�ned by :

∂n : ∆n(X,A) −→ ∆n−1(X,A)

σα 7−→ Σi=0...n(−1)iσα|[v0, .., v̂i, ..., vn].

We always have : ∀ n ∈ N, ∂n ◦ ∂n+1.
We will so de�ne : H∆

n (X,A) := ker ∂n/Im ∂n+1 the nth simplicial homology A-module of
X provided by ∆.
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We consider the particular case where A is principal (typically, A = Z). We have that Hn(X,A)
is �nitely generated. With the theorem of structure of modules on a principal ring, we can write :

∃ ! βn ∈ N⋆, ∃ ! m ∈ N⋆, ∃ ! t1 | t2 | ... | tm ≥ 2, H∆
n (X,A) ≃ ⊕

i=1...βn
A

⊕ ⊕
j=1...mA/tjA.

De�nition 12 In the case where A = Z, with these notations :
βn is called the nth Betti number of X.

Proposition 5 1. β0 is the number of connected components of X.
2. [Euler-Poincaré formula]

χ(M) := Σi=0..d(−1)ini = Σi=0..d(−1)iβi.

The A-modules H∆
n (X,A) have some useful properties :

• If the ∆-complex structure on X contains a �nite number of simplices, then H∆
n (X,A) is

�nitely generated for all n.
• ∀ n > dim∆X, H∆

n (X,A) = 0
where : dim∆X := max {k ∈ N|∆k ∈ ∆}

Despite of this fact, it is not evident that two homeomorphic ∆-complexes have the same
simplicial homology. Another question is : do the modules H∆

n (X,A) depend of the ∆-complex
structure on X? To solve this problem, we introduce the notion of singular homology which is
a topological invariant, and we prove that for ∆-complexes, simplicial and singular homology are
the same.

Singular homology

De�nition 13 1. A singular n-simplex on a topological space X is a continuous map
σ : ∆n −→ X.
2. We de�ne Sn(X,A) as the free A-module with basis the singular n-simplex.
3. The boundary map ∂n : Sn(X,A) −→ Sn−1(X,A) is de�ned by the same formula as for
simplicial homology.

Proposition 6 We always have : ∂2 = 0 and we de�ne :
Hn(X,A) := ker ∂n/ Im ∂n+1 the nth-singular homology A-module of X.

It is evident (with the de�nition) that the singular homology is a topological invariant, that is to
say : (X ≃ Y ) ⇒ (∀ n ∈ N, Hn(X,A) ≃ Hn(Y,A)).

1.2 Morse theory

Context and notations : M will be a smooth manifold in the euclidean space Rn, h : M −→ R
will be a smooth function (in almost cases, M will be a smooth 2-manifold in R3). In general, we
also suppose that M is compact.
The main idea of Morse theory is to determine the topology of a manifold by the study of real
functions de�ned on it. We shall thus be interested in level and sub-level sets.
We will note : Ma

h = {x ∈ M , h(x) ≤ a}.

1.2.1 Topology of manifolds

De�nition 14 We say that M is a topological manifold if :
∀x ∈ M , ∃ Ux an open neighbourhood of x, ∃ n ∈ N, ∃ φx : Ux −→ φx(Ux) ⊂ Rn a homeomor-
phism. (Ux, φx) is called a map, φ−1

x is called a local parametrization.

Proposition 7 If M is connected, then the integer n is independant of x.
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De�nition 15 If (U,φ) and (V, ψ) are two maps such that U ∩ V ̸= ∅, then φ ◦ ψ−1 and ψ ◦ φ−1

are called map changement.

De�nition 16 Let k ∈ N. We say that M is a Ck-di�erential manifold if it's a topological
manifold such that each map changement is a Ck-di�eomorphism.

De�nition 17 1. A critical point of h is a point where the di�erential of h vanishes, that is to
say : dxh = 0.
2. A critical point is non degenerate if the hessian of h at this point has full rank, in other
words : Hessx(h) have an inverse.

De�nition 18 h is called a Morse function if all its critical points are non degenerate.

Sometimes, we add to this de�nition the following axiom :
the critical points of h have all a di�erent image by h.

Lemme 8 (Morse) Suppose that there is p in M , a critical point non-degenerate of h.
Then there is U an open neighborhood of p, φ : (U, p) −→ (Rn, 0) a di�eomorphism on its image,
and λ ∈ [|1, n|] such that :
∀ (x1, ..., xn) ∈ Im φ, h ◦ φ−1(x1, ..., xn) = h(p) − x2

1 − ...− x2
λ + x2

λ+1 + ...+ x2
n.

De�nition-proposition 1 λ is unique and it is called the Morse index of p for h.

Theorem 9 Let a < b, suppose that h−1([a, b]) is non empty, compact (it is always true if M is
compact) and does not contain critical point of h, then we have :
Ma and M b are di�eomorphic.

This important theorem means that it is su�cient to study the manifold at the neighborhood of
each critical point.

Corollary 10 (Reeb theorem) Suppose that M is compact, and that there is a Morse function on
M which have only two critical points. Then, M is homeomorphic to a sphere.

Now, we give another theorem which precises how the topology of the manifold (the sub-levels in
fact) changes when we go through a critical point.

Theorem 11 Suppose that p ∈ M is a critical point of h, we note α = h(p).
We also suppose that :
∃ ϵ > 0, h−1({α− ϵ, α+ ϵ}) is compact and doesn't contain an another critical point than p.
Then, Mp+ϵ

h have the same homotopy that Mp−ϵ
h which we attached the (n− ih(p))-cell Wu

h (p).

Proposition 12 We suppose that the ring A is principal, then we have :
1.[Morse inequality]

∀ k ∈ N, βk(M,A) ≤ µk(h)

where : µk(h) := |{x ∈ M |ih(x) = k}|
2. χ(M) = Σi=0..d(−1)iβi(M,A) = Σi=0..d(−1)iµi(h).

1.2.2 Morse-Smale complex

In this section, we will need a theorem which garantee existence and uniqueness of a solution of a
di�erential problem de�ned on a smooth manifold.

Theorem 13 Let M be a C1-di�erential manifold and h : M −→ R continuously di�erentiable.
Then, the problem : x′(t) = ▽h(x(t)),
with the initial condition : x(0) = x0 ∈ M
has an unique maximal solution. And besides, ifM is supposed to be compact, the maximal solution
is de�ned on R ("théorème des bouts").

5



We consider the following di�erential problem :
x′(t) = ▽h(x(t)), ∀t ∈ R
with the initial condition : x(0) = p0 (where p0 is a point in M).

Proposition 14 Let x be an integral line (for h) through p0. We have the following properties :
1. If p0 is a critical point for h, then : ∀t ∈ R , x(t) = p0.
Otherwise, x is injective and there is no critical point in its image.

2. The integral curves form a partition of M .

3. If p0 is not a critical point, then the application t 7−→ h(x(t)) is strictly increasing.

4. If the limits limt→±∞ x(t) exist, then they are critical points of h.
In the case where M is compact, these limits always exist.

5. Integral curves are perpendicular to the regular level sets of h.

De�nition 19 Let x be an integral line for h and p a point in M . We de�ne the two following
sets :
1. W s

h(p) := {x ∈ M | ∃ γ an integral line for h, x ∈ Image(γ), limt→+∞ γ(t) = p} : it is the
stable manifold of p.
2. Wu

h (p) := {x ∈ M | ∃ γ an integral line for h, x ∈ Image(γ), limt→−∞ γ(t) = p} : it is the
unstable manifold of p.

Proposition 15 We have the following properties :
1. If p isn't a critical point for h (i.e a regular point), then : W s

h(p) = Wu
h (p) = ∅.

2. If p is a critical point, then : W s
h(p) ∩Wu

h (p) = {p}.
3. If p ̸= q, then : W s

h(p) ∩W s
h(q) = ∅ (idem for the unstable manifolds).

4. W s
−h(p) = Wu

h (p) ; Wu
−h(p) = W s

h(p).

5. M is covered by the stable and unstable manifolds which are open sets of Rd (with d which
depend of the stable/unstable manifold).

Theorem 16 Let p be a critical point for h.
Then, the sets W s

h(p) and Wu
h (p) are di�erential manifolds.

Futhermore, we have : dim W s
h(p) = ih(p)

and therefore : dim Wu
h (p) = dim W s

−h(p) = n− ih(p).

Particular case: M ⊂ R3 a 2-manifold, p ∈ M a critical point of h such that : ih(p) = 1
(i.e p is a saddle point), then :
W s

h(p) (resp. Wu
h (p)) is (excluding the saddle point) the union of two integral curves converging

to (resp. diverging from) the saddle point. These curves are called the stable (resp. unstable)
separatrices of the saddle point.

De�nition 20 h is a Morse-Smale function if the following axioms are satis�ed :
1. h is a Morse function
2. The stable and unstable manifolds intersect only transversally, that is to say :

∀x ∈ W s
h(p) ∩Wu

h (q), TxM = TxW
s
h(p) + TxW

u
h (q) = V ect(TxW

s
h(p), TxW

u
h (q)).

Remark (important) : If M is a 2-manifold in R3 and if h is a Morse-Smale function, then there
is no integral curve which connects two saddle points. Indeed, suppose that :

∃ γ : R −→ M , ∀ t ∈ R, γ′(t) = ▽h(x(t))
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and : limt→−∞γ(t) = p, limt→+∞γ(t) = q
with p, q two saddle points in M .
Moreover : W s

h(q) and Wu
h (p) are 1-manifold.

Therefore : ∀ t ∈ R, V ect (Tγ(t)W
s
h(q), Tγ(t)W

u
h (p)) = V ect (γ′(t), γ′(t)) ̸= Tγ(t)M .

De�nition 21 Suppose that h is a Morse-Smale function. The Morse-Smale complex of M
provided by h is the subdivision of M formed by the connected components of the intersections
W s

h(p) ∩Wu
h (q), where p, q range over all singular points of h.

More precisely, the Morse-Smale complex of a 2-manifold in R3 can be obtained as follow :
• the 0-cells are the critical points
• the 1-cells are integral lines of W s

h(p) ∩Wu
h (m) and W s

h(ma) ∩Wu
h (q) where :

m is a minimum
p, q are saddle points
ma is a maximum.
• the 2-cells are the integral lines of W s

h(ma) ∩Wu
h (m) with the same notations.

1.2.3 Reeb graph

1.3 C.I.A and H.I.A algorithms

C.I.A : Connectedness via interval analysis
H.I.A : Homotopy type via interval analysis

Context and notations: In this section, we consider a topological space E de�ned by a primitive
f (f is continuously di�erentiable and de�ned on an open convex set U ⊂ Rn), that is to say :

E := {x ∈ U |f(x) ≤ 0}.

Background: 1. [path-connectedness]: E is path-connected if its all points can be rely by a
path in E. In other words :

∀x, y ∈ E, ∃ γ : {0, 1} −→ E continue such that : γ(0) = x, γ(1) = y.

2. [star shaped space]: We say that E is star shaped if :

∃ v ∈ E, ∀ w ∈ E, [v, w] := {(1 − t)v + tw|t ∈ [0, 1]} ⊂ E

in this case, we say that E is v-star shaped.
3. [links between convexity, star shaped space and path-connectedness]
⋄ (E is convex) =⇒ (∀ v ∈ E, E is v-star shaped)
⋄ (E is star-shaped) =⇒ (E is path-connected).

1.3.1 C.I.A algorithm

This algorithm cover the space E by a collection of boxes (pi)i∈I such that :

∀ i ∈ I, E ∩ pi is star-shaped.

1.3.2 H.I.A algorithm

This algorithm compute a simplicial complex which is homotopic to E.

7



2 Numerical optimization

2.1 Linear programming

Context and notations: We want to resolve the linear problem :

min z(x) := cTx

under the following constraints :

Σj=1..n ai,jxj ≤ 0, ∀i ∈ I1
Σj=1..n ai,jxj ≥ 0, ∀i ∈ I2
Σj=1..n ai,jxj = 0, ∀i ∈ I3
x ≥ 0 (i.e : ∀ j = 1..n, xj ≥ 0).

with : x, c ∈ Rn, I1 ⊔ I2 ⊔ I3 = [|1,m|], m ≤ n, ai,j ∈ R.
(If M is a matrix, MT is its transpose).

Using algebraic operations, we can reformulate this problem under this form:

(P) : min z(x) := cTx

under the constraints : Ax = b, x ≥ 0.

We will call this form the standard form.

3 What remains to be done

New section will be written later to cover topics such as:

• Linear programming and the simplex algorithm,

• Homotopy groups of upper order,

• Reeb graph,

• C.I.A and H.I.A algorithms,

• Linear programming,

• Ideas for new contributions,

• Conclusion and bibliographical references.
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Chapter 6

Geometric sets and a
non-trivial application

This chapter presents a new representation for geometric sets and an appli-
cation of this representation [10]. We begin by the application, because it
gives the motivation for this new representation. The study is an extension of
the method developed by Delanoue, Jaulin, and Cottenceau (DJC) in 2007,
their algorithm computes the topology of a set described by a constructive
geometry tree. We first start by recalling the functionalities which an ideal
representation for sets should provide, then we present the new representa-
tion, for primitives and boolean operations. We show how easy it is to extend
DJC with the new representation for geometric sets, and then present the
new representation, for other sets: Minkowski sums, projections, cylindric
projections, and sweeps or extrusions. It means that we can apply DJC to
these geometric sets too.
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A new representation for geometric sets and a non-trivial

application

George Tzoumas∗ Dominique Michelucci∗

November 16, 2012

This article presents a new representation for geometric sets and an application of this repre-
sentation. We begin by the application, because it gives the motivation for this new representation.
Section 1 presents the Delanoue, Jaulin, Cottenceau’s method [DJC07, NDC06]: their algorithm
computes the topology of a set described by a CSG tree. Section 2 presents the functionalities
which an ideal representation for sets should provide. Section 4 presents the new representation,
for primitives and boolean operations. Section 5 presents how easy it is to extend DJC with the
new representation for geometric sets. Section 6 presents the new representation, for other sets:
Minkowski sums, projections, cylindric projections, and sweeps or extrusions. It means that we
can apply DJC to these geometric sets too. Section 8 concludes.

1 Delanoue, Jaulin, Cottenceau’s method (DJC)

Delanoue, Jaulin and Cottenceau’s method [DJC07, NDC06] inputs a CSG tree and outputs a
simplicial complex homotopic to the geometric set defined by the CSG tree. The nodes of the
CSG tree carry boolean operations: unions and intersections. The leaves of the CSG tree define
geometric primitives with an implicit inequation, like x2 + y2 + z2 − 1 ≤ 0 for the unit 3D sphere.
Inequations can also use transcendental functions, trigonometric or exp.

The main idea of the DJC method is to recursively subdivide a bounding box of the set E
described by the CSG tree, until the studied box B is empty, or B contains a point S ∈ E ∩ B
which ”sees” all other points p of E ∩B: all points of the segment [S, p] belong to E ∩B; it is said
that the point S is a star for E ∩ B. Delanoue, Jaulin and Cottenceau remark that if S is a star
for two sets E1 ∩B and E2 ∩B, then it is also a star for (E1 ∩E2)∩B and for (E1 ∪E2)∩B; this
remark permits to reduce the star test to primitives only: S is a star for E ∩ B when S is a star
for all primitives intersecting B. Now S is a star for the primitive set E = {X ∈ R3 | f(X) ≤ 0}
iff f(S) < 0 and there is no solution X ∈ B to the system:

f(X) = 0, ∇f(X) · (X − S) < 0

The latter system is solved with interval analysis; each interval is represented with its two bounds,
the lower bound and the upper bound, represented by floating point numbers. The interval solver
may output three possible answers: either it proves that there is no such X (thus S is a star),
or it finds a counter example X (thus S is not a star, and B must be subdivided), or the solver
terminates but can not conclude, due to limitations of interval analysis; in this case also, the box
B is subdivided.

Actually, all boundary faces F (edges for dimension 1, ... hyperfaces for dimension d− 1) of a
studied box B in dimension d must be either empty, or they must contain a point SF which is a
star for E ∩F . It may happen that a box which has a star needs to be subdivided because of one
of its faces.

It is then easy to build a star complex, and Delanoue, Jaulin and Cottenceau proved that this
simplicial complex is homotopic to E.

∗University of Burgundy, CNRS LE2I, Dijon, FR
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X

S

Figure 1: The point S is not a star for B ∩ E (in gray):
−−→
SX · ∇f(X) < 0.

To avoid immaterial technicalities, the previous presentation did not explain how DJC can also
manage boolean differences betwen sets.

The DJC method takes into account only CSG trees describing ”fat sets”; a fat set is equal to
the adherence of its interior; computationally, we can fill it with full dimensional boxes. Delanoue’s
method does not terminate, or fails, for CSG trees describing sets which are non fat: basically,
DJC computes (star) points inside E ∩ Bi where Bi is some studied box. Here is a 2D example
of a non fat set which is the intersection of two fat sets: the intersection of points above the
parabola: y ≥ x2, and the half plane y ≤ 0. The intersection is the isolated point (0, 0). After
some translations and rotations, the intersection has no more floating point coordinates, and
Delanoue’s method can no more find points (with floating-point coordinates) inside.

This implies also that Delanoue’s method fails when, by accident, the set E is tangent to some
subdividing (hyper)plane supporting a face F : then F ∩E is an isolated point, the coordinates of
which do not lie in F, the set of floating point numbers. To avoid that, the initial bounding box
can be perturbed with some random noise.

In principle Delanoue’s method may also fail if the set E contains too thin parts, with width
smaller than the resolution of the set of floating point numbers, but in practice the program falls
short of memory in such cases.

Another limitation of Delanoue’s method is that it does not take into account objects de-
fined by projection. Projections occur for instance with parametric solids, described with: x =
X(u, v, w), y = Y (u, v, w), z = Z(u, v, w) and (u, v, w) ∈ [0, 1]3 where X,Y, Z are polynomials or
rational functions most of the time. Delanoue’s method can output a simplicial complex in the
6D-space x, y, z, u, v, w which is non relevant for us: we want the topology of the projection of
this object in the x, y, z space for 3D aplications (or in the x, y space for 2D applications). We
call this final, visible, space V (for visible space, or visualization space).

Remark: In computerized geometry, projections also occur with parametric 2D and 3D curves,
and parametric surfaces. For instance, the latter are defined by x = X(u, v), y = Y (u, v), z =
Z(u, v), 0 ≤ u ≤ 1, 0 ≤ v ≤ 1, where X,Y, Z are typically polynomials or rational functions. Note
that this set is not fat, but we can easily thicken it with: x = X(u, v) + [−ρ, ρ], etc, where ρ is
some given thickness.

Is it possible to extend Delanoue’s method to also account for objects defined by projection?
We studied this problem. It turns out that equations of the star test for the initial DJC method

are very simple, but they are no more obvious when projections, projections of intersections,
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intersections of projections, etc are considered. We realized that a representation of geometric
sets is needed to automatically generate systems of equations for the star tests.

2 Functionalities of a representation of sets

Which functionalities an ideal representation of geometric sets should provide?
First, a representation of geometric sets should permit to represent:
- primitives geometric sets, i.e. the leaves of CSG trees in CADCAM. These primitives must be

fat. In general, it is not a problem in the CADCAM field. A classical example of a 3D primitive set
(i.e. defined with some polynomial inequality f(x, y, z) ≤ 0) which is not fat is Whitney umbrella.

- the complement of a set. Remark that, in our context, a set and its complement share
their boundary. This feature pertains to the notion of regular sets, and regularization of boolean
operations, introduced by A. A. G. Requicha and R. B. Tilove [RT78] in CADCAM.

- the intersection, the union, and the difference of two sets. Remark that the intersection of
two fat sets can be a non fat set, in degenerate cases, for example when the two sets are externally
tangent to each other. In such case, the interval solver will fail, i.e. it will terminate but will not
be able to decide if the set is empty or not: it will return an ”I do not know” answer.

- the projection of a set, and the projection cylinder of a set (see Figure 3; for instance the
projection of the 3D sphere x2 + y2 + z2 − 1 ≤ 0 orthogonally to the Oxy plane is a disk; the
projection cylinder of this 3D sphere is a cylinder, it is the volume swept by the sphere, or the
circle, when they are moved along the z or the y axis respectively. Note, however,that extending
DJC to projections does not need this notion of sweep volumes. Projections are treated in Sec. 6.2.

- the Minkowski sum of two sets. The minkowki sum of A and B is the set of points a + b
where a ∈ A and b ∈ B. See Figure 2.

- the extrusion or sweep of a set, illustrated in 2D in Figure 3. In 3D, each affine transformation
(translation, rotation, scaling) is typically represented by a 4 × 4 matrix, thus the motion is
described by an explicit function t ∈ [0, 1] → M(t) where t is the time variable and M(t) the
affine transformation at time t. Sometimes, extrusion can be described of a Minkowski sum of the
trajectory curve and the object. However, we do not use the Minkowski sum, first because the
trajectory curve is not a fat set, and second, Minkowski sum does not permit to rotate or scale
objects. Remark that the projection cylinder can be represented by an extrusion.

Second, a representation of geometric sets should permit to decide if a set is empty or not. An
interval solver will be used for deciding. The interval solver will always terminate. It has three
possible outputs: (1) either the set is empty, or (2) it is not empty and a point (sometimes called
a witness) is provided; actually, the solver can even output a non empty box which is completely
included in the set; or (3) the solver can not decide: for example the set is not fat (it has measure
0), or the accuracy of the underlying floating point arithmetic used by the interval solver is non
sufficient, or the solver falls short of memory space because the set contains too thin parts.

Third, a representation of geometric sets should permit to pose constraints on sets: it should
permit to specify that some sets are empty, and that some other sets are non empty.

3 Interval analysis

To know if a set E described by a variable e and a system of equations E(X) = 0 is empty or not,
we use an interval solver to either find a solution to E(X) = 0, e ≤ 0, or to prove that there is no
root at all. Sometimes, the solver may return a ”I do not know” answer.

This section presents the basics of interval solvers.

3.1 DAG and SLP

We need to represent expressions, and equations. A classical representation is DAGs (Directed
Acyclic Graph), also called SLP (Straight Line Programs) for example in the dynamic geometry
community. A DAG is either the name of a variable, a real constant (actually a floating point
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number), or the sum of two DAGs, or the opposite of a DAG, or the product of two DAGs, or an
integer power of a DAG. The latter is not essential, but it permits some optimization with interval
computations: [−1, 1]× [−1, 1] equals [−1, 1], because we may multiply two different, independent
variables, while [−1, 1]2 = [0, 1] because a square (in R) is always non negative. Finally, a DAG
can be the cosine of another DAG, or the sine or the exponential of another DAG.

It is easy to attach procedures to DAGs, for evaluating expressions with intervals, for computing
DAGs of the derivative of a DAG relatively to a given variable, and for solving with interval analysis
systems of equations.

It is also possible to represent polynomial expressions with a specialized data structure for
polynomials, typically a sorted list of pairs: coefficient, monomials. These data structures need to
be generalized to account for trigonometric functions or exp.

3.2 Interval arithmetic

Interval arithmetic generalizes operations to intervals:

[a1, b1] + [a2, b2] = [a1 + a2, b1 + b2]

[a1, b1]− [a2, b2] = [a1, b1] + [−b2,−a2] = [a1 − b2, b1 − a2]

[a1, b1]× [a2, b2] = [min(a1 × a2, a1 × b2, b1 × a2, b1 × b2),max(a1 × a2, a1 × b2, b1 × a2, b1 × b2)]

exp([a, b]) = [exp(a), exp(b)] because exp is monotonically increasing

Remark: Libraries providing interval arithmetic and analysis use outward rounding, to account
for rounding errors of the floating-point arithmetic.

It is also possible to compute with intervals cos([a, b]) or sin([a, b]). The interval argument is
first decomposed into sub-intervals where the function is monotonically increasing, or monotoni-
cally decreasing.

There are many methods for evaluating a function with intervals; the simplest one, called
natural interval extension, just recursively evaluates with interval arithmetic the DAG of the
function; another method is the centered form; for a function f of a single variable x, the DAG of
the derivative f ′ is first computed. Then f(x0 ± ω) ∈ f(x0)± ωf ′(x0 ± ω); the evaluation of the
interval for f ′(x0 ± ω) can be done either with the natural interval extension, or recursively with
the centered form; the latter is more or less the Taylor interval evaluation. Note that, in theory,
f(x0) should also be computed with intervals, to account for the rounding errors of the floating
point arithmetic.

DAGs and Contracting intervals. A DAG node z = x + y can be seen as a constraint on
intervals X,Y, Z of variables / nodes x, y, z, and rewritten as three contracting rules:

X ← X ∩ (Z − Y )

Y ← Y ∩ (Z −X)

Z ← Z ∩ (X + Y )

Similarly a DAG z = x× y can be rewritten as three contracting rules:

X ← X ∩ (Z/Y ) when 0 6∈ Y
Y ← Y ∩ (Z/X) when 0 6∈ X
Z ← Z ∩ (X × Y )

Similarly for nodes z = x2, z = expx, z = cosx, etc. It is possible to iterate contractions
until a fix point is reached: this is called propagation. Some interval solvers alternate propagation
stages and bisections. There exist more sophisticated contractors.
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Newton interval solvers. Another way to solve systems of equations with interval analysis
extend the classical Newton method. Let F (X) = 0 be the system to solve, in some given initial
box B. Assume for simplicity that F is well constrained, i.e. its jacobian is square and invertible
almost everywhere. The classical (pointwise) secant method iterates from an approximation X(0)

of a root:
X(n+1) = S(X(n)) where S(X) = X − F (X)J−1

where J = F ′(X(0)) is the jacobian of F at X(0). The interval extension computes S(X) with
intervals, i.e. X(k) are boxes: X(0) = B is the initial box, and the algorithm iterates:

X(n+1) = X(n) ∩ S(X(n))

A trap is that S(X) is a sum of X and another term: S(X) = X − F (X)J−1. Since the width of
the sum (or the difference) of two intervals or boxes is the sum of their widths, S(X) will never be
strictly included into X, when computed in the naive way, i.e. the intervalized map S(X) is never
contractant. A solution is to compute S(X) with the centered form: it gives the Krawczyk-Moore
operator. The latter was then optimized by Hansen and Segupta, who remark that it is possible
to always use the most up-to-date values of coordinates of X in the iteration X ← X ∩ S(X),
where the X are boxes.

Several computable criteria are known to guarantee that a box contains only one regular root,
and that the classical (i.e. pointwise) Newton-Raphson method, or the classical secant method
(the jacobian is not updated), will converge, starting from any point in the box (or from the center
of the box).

We do not account for non square systems of equations, for simplicity and conciseness, and
also because, in our context, we can always convert the problem of solving a system of equations
into an optimization problem, which is structurally well-constrained.

Typical loop for a Newton interval solver. Typical Newton interval solvers manage a stack
of boxes to be studied. While the stack is non empty, the top box B is popped. Sometimes the
solver first tries to contract B with some contractors; then it uses iteratively the Krawczyk-Moore,
or the Segupta-Hansel operator to reach the fixed point, or to be close enough to it; let B′ be the
resulting box. B′ contains all roots lying in B. If B′ is empty, it means that B contains no root;
if B′ contains only one regular root (e.g., because of Newton-Kantorovich theorem and test), the
root is polished (with some Newton iterations) and inserted in a list of roots; if the width of B′

is still large, it is suspected that B′ contains several roots, thus B′ is bisected (along its longest
side, for example; but more sophisticated methods exist: clearly it is useless to bisect along a
variable which does not occur in the DAG of the function) and the two halves are pushed on the
stack. Sometimes, a box B′ is small enough, but the solver can not prove that B′ contains only
one regular root; maybe B′ contains a singular (also called multiple...) root1, or B′ contains many
very close regular roots and the available accuracy of the underlying floating point arithmetic is
not sufficient. It is the reason why solvers also return a list of ”residual” boxes, independent of
the list of solution boxes which are guaranteed to contain only one regular root.

3.3 Optimization

To solve the optimization problem: find X = (x1, . . . xk) which minimizes f(X,Y ) for given
Y = (y1, . . . yp) with constraints E(X,Y ) = 0, we consider the Lagrangian

L(X,Y,Λ) = f(X,Y ) +
∑

λiEi(X,Y ), i = 1, . . .m

where Λ = (λ1, . . . λm) and the optimum fulfils the system of equations:

∂L

∂λi
= 0 = Ei(X), i = 1, . . .m

1The jacobian vanishes at a singular root.
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∂L

∂xj
= 0 =

∂f

∂xj
(X,Y ) +

m∑

i=1

λi
∂Ei
∂xj

(X), j = 1, . . . k

Remark that we do not derive relatively to the given variables, or parameters, Y .
This system is usually well constrained: structurally it has the same number of equations

and unknowns. It is unlikely the solution set to be a continuum; it happens if, for example, we
minimize the distance to a given point ω, and the set contains a (subset of a) circle, or a sphere,
etc exactly centered at this point ω. We discard this non significant case for simplicity.

Several interval solvers, like Newton interval solvers, are able to find all roots of well-constrained
systems, like these. Moreover, we want the solution which minimizes some f(X,Y ). For conve-
nience, assume we introduce a new variable, say z, defined by z = f(X,Y ). Thus we want the
solution where the coordinate z is the smallest.

The naive algorithm computes all roots, then keeps the one with the smallest z coordinate.
Actually, it is possible to speed up the resolution, if we study in priority boxes which seem the
most promising. We manage the best solution known so far, and we can prune the searched space,
discarding boxes which has no chance to be better than the current best solution known so far.

Actually, it is perhaps a good idea to transform the problem to find a point in a set (to prove
that the set is non empty) into the problem of finding the point in the set which minimizes some
function, for instance the point in the set which is the closest to a given random point in the
studied box. The optimization problem is well-constrained, so the jacobian is invertible (almost
everywhere): it simplifies the interval Newton solver; however this approach augments the number
of equations and unknowns (Lagrange multipliers, and slack variables). Note that in order to
include optimal solutions that lie exactly on the boundary of the domain, one has to include these
boundaries as constraints, in the general case. This does not happen when we consider union or
intersection, but is required with Minkowski operations (Sec. 6.1). This is because with unions
or intersections, the minimum of the slack variable is defined everywhere, while for Minkowski
sum, the minimum of slack variable is defined only where the slack variables of the operands are
non-positive. Hence, this implies an extra constraint to the minimization problem.

Remark: the minimization (or maximization) system used for boolean operations ∪ and ∩
(cf. Sec.4.2 and 4.3 resp.) has only one solution, so pruning is not possible for these systems.
For generic optimization problems, more work is required in order to discard redundant solutions
(solutions that correspond to stationary or extreme points other than the one sought), usually
with some sort of second-derivative test, like bordered Hessian.

4 Representation of geometric sets

This section presents the principle of our new representation for a first family of geometric sets:
primitives, and boolean operations.

Each fat set is represented by a system of equations (i.e., no inequality) and a characteristic
variable. In the next paragraph, we consider the case of primitives, of unions of two sets, of
intersections of two sets, of differences of two sets. We will not need a special treatment for
sets defined by projection, for extending the DJC method. We postpone the representation of
projections, Minkowski sums and extrusions to section 6.

We use variables x, y or x, y, z for coordinates in the visible space V . Possibly we use x1, y1,
z1, x2, y2, z2 when we need several points in the visible space. Other identifiers (u, v, w, t, or ui,
. . ., ti) are used for the non visible variables.

4.1 Representations of primitives

Each primitive is represented by one equation (i.e. no inequality) and a characteristic variable.
The equation is represented with a DAG (see section 3.1).

For instance the 3D sphere x2+y2+z2−1 ≤ 0 is represented with a variable s and the equation:
x2 + y2 + z2− 1− s = 0. The points of the sphere fulfill: s ≤ 0. The points of the boundary fulfill:
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s = 0. The points of the complement of the sphere fulfill s ≥ 0 (again, remark that the boundary
belongs to the sphere and its complement: it is the regularization idea by Tilove and Requicha).

Let C(E) denote the number of equations used for describing a geometric primitive E in the
above representation. Clearly C(E) = 1.

We assume that a bounding box in the visible space for the studied set is known. The interval
solver we use needs a bounding interval for each variable. An interval for the characteristic variable
s is computed by the evaluation with interval arithmetic: s = x2 + y2 + z2 − 1. Note that this
interval needs not be very sharp.

Second example. The half space primitive x ≤ 0 is represented with a variable h and the
equation: h − x = 0. The points inside the half space fulfills h ≤ 0, the points on the boundary
fulfil: h = 0. The points of the complement of the half space fulfill h ≥ 0. A starting bounding
interval for h can be computed from the bounding box of the visible variable x with interval
arithmetic.

Here is an example where projections and intersections occur. A thick arc, with given thickness
2ρ, of a parametric curve defined by: x = f(t)+[−ρ, ρ], 0 ≤ t ≤ 1, is represented by the intersection
of four primitives: a primitive set for 0 ≤ t, a primitive set for t ≤ 1, a primitive set for f(t)−ρ ≤ x,
a primitive set for x ≤ f(t) + ρ. The intersection is treated in Sec.4.3.

4.2 Representation for unions E = E1 ∪ E2

Suppose now we have two geometric objects E1 with variable e1, E2 with variable e2. E1 is
described with systems of equation E1(e1, x, y, z, . . .) = 0, and similarly E2 is described with
systems of equation E2(e2, x, y, z, . . .) = 0. Points in E1 fulfill e1 ≤ 0, points in E2 fulfil e2 ≤ 0.

The object E = E1 ∪E2 is described by a new variable, e, and a system of equation which will
guarantee that e = min(e1, e2).

Clearly e = min(e1, e2) is equivalent to maximize e with constraints

e ≤ e1, e ≤ e2 ⇒ e+ α2
1 = e1, e+ α2

2 = e2 for some α1 ∈ R, α2 ∈ R

Then we consider the Lagrangian:

L = e+ λ1(e+ α2
1 − e1) + λ2(e+ α2

2 − e2)

The solution fulfils this min(e1, e2) system:

L′e = 0 = 1 + λ1 + λ2

L′λ1
= 0 = e+ α2

1 − e1
L′λ2

= 0 = e+ α2
2 − e2

L′α1
= 0 = 2λ1α1

L′α2
= 0 = 2λ2α2

Indeed, when e1 < e2, the previous system has the solution e = e1, α2
1 = 0, α2

2 = e2−e1, λ1 = −1,
λ2 = 0. This solution is unique, except for α2 = ±√e2 − e1.

Symmetrically, when e2 < e1, the system has the solution e = e2, α2
2 = 0, α2

1 = e1−e2, λ1 = 0,
λ2 = −1. This solution is unique, except for α1 = ±√e1 − e2.

The system has both solutions when e1 = e2.
Thus the set E = E1 ∪ E2 is described by the variable e; its system of equations is the

concatenation of the system for E1, the system for E2 and the system equivalent to e = min(e1, e2).
Points inside E fulfill e ≤ 0, points inside the complement of E fulfill e ≥ 0, points on the boundary
of E fulfil e = 0.

For the interval solver, we need to initialize a bounding interval for the variable e; it is
min(e1, e2) computed with interval analysis form the bounding intervals from e1 and e2. We remind
that min([a, b], [a′, b′]) = [min(a, a′),min(b, b′)]. The bounding interval for α2

1 is (e1− e)∩ [0,+∞),
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computed again with intervals; then the bounding interval for α1 is the square root of the interval
for α2

1. For instance, if e1 − e = [−6, 4], then the interval for α2
1 is [−6, 4] ∩ [0,+∞) = [0, 4] and

the interval for α1 is [0, 2]. We proceed similarly for initializing the bounding intervals for α2
2 and

α2. Finally, for λ1 and λ2, they both lie in the interval [−1, 0].
A possible optimization replaces λ2 by its value −1− λ1 and removes the first equation L′e =

0. We also leave to the reader another optimization possible when, inside the studied box, the
bounding interval for e1 is strictly lower than the bounding interval for e2, or vice-versa.

Assuming that λ2 has been eliminated, we have that C(E) = C(E1) + C(E2) + 4.
Now we present an alternative representation for the union. The idea is that e1, e2 are consid-

ered as roots of a polynomial of degree 2. If ∆ is the discriminant of this polynomial, then it holds
that ∆ = (e2− e1)2 and if e = min(e1, e2) then 2e = (e1 + e2)−

√
∆ (while if e = max(e1, e2) then

2e = (e1 + e2) +
√

∆.) This leads to the following system:

δ2 − (e2 − e1)2 = 0

2e− (e1 + e2) + δ = 0

with δ standing for
√

∆, therefore δ ∈ [0,
√

∆]. In this algebraic number approach we have
C(E) = C(E1) + C(E2) + 2, which is more efficient in the number of equations and unknowns
introduced, although performing variable elimination in the lagrangian approach may also lead to
a similar system.

4.3 The representation for intersections E = E1 ∩ E2

We just replace min in the previous paragraph by max, because E = E1 ∩E2 will be represented
by the variable e = max(e1, e2).

Clearly e = max(e1, e2) is equivalent to minimizing e subject to constraints:

e1 ≤ e, e2 ≤ e⇒ e1 + α2
1 = e, e2 + α2

2 = e

Then we consider the Lagrangian:

L = e+ λ1(e1 + α2
1 − e) + λ2(e2 + α2

2 − e)

We know the solution fulfills this max(e1, e2) system:

L′e = 0 = 1− λ1 − λ2
L′λ1

= 0 = e1 + α2
1 − e

L′λ2
= 0 = e2 + α2

2 − e
L′α1

= 0 = 2λ1α1

L′α2
= 0 = 2λ2α2

When e1 < e2, the previous system has the solution e = e2, α
2
1 = e2 − e1, α2 = 0, λ1 = 0, λ2 = 1.

Symmetrically, when e2 < e1, the previous system has the solution e = e1, α
2
1 = 0, α2

2 = e1−e2,
λ1 = 1, λ2 = 0.

The system has both solutions when e1 = e2.
Thus the set E = E1 ∩ E2 is described by the variable e; its system of equations is the

concatenation of the system for E1, the system for E2 and the system equivalent to e = max(e1, e2).
Points inside E fulfil e ≤ 0, points inside the complement of E fulfill e ≥ 0, points on the boundary
of E fulfil e = 0.

The initialization of intervals for e, α1, α2, λ1, λ2 is very similar to the previous case of union.
The interval for e is max(e1, e2), computed from intervals for e1 and e2. Remind that max([a, b], [a′, b′])
is [max(a, a′),max(b, b′)]. The interval for α2

1 is the interval (e− e1) ∩ [0,+∞), etc. This time λ1
and λ2 both lie in [0, 1].
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Optimizations: A first possible optimization replaces λ2 by its value 1−λ1. Again, if the interval
for e1 and e2 are disjoint, some straightforward optimization and simplification are possible and
left to the reader. The second formulation with the discriminant differs in only one sign compared
to the union: we just replace the second equation with 2e− (e1 + e2)− δ = 0.

4.4 The representation for the complement

Let E1 be a set defined with the system of equations E1(e1, X) = 0 and having characteristic
variable e1. To define the complement E1 of the set E1, we introduce a new variable e1, which will
be the characteristic variable of E1, and the system of equations defining E1 is the concatenation of
the system E1(e1, X) = 0 and of the new equation: e1 + e1 = 0. It holds that C(E1) = C(E1) + 1.

Variant: replace e1 in the definition of E1 with −e1 to get the definition of E1. In this case we
have C(E1) = C(E1).

4.5 The representation for differences E = E1 − E2

The representation of E = E1 − E2 is left to the reader: E = E1 − E2 is just E1 ∩ (E2). For the
lagrangian approach we have that C(E) = C(E1) +C(E2) + 4 = C(E1) +C(E2) + 5, while for the
algebraic number approach we have that C(E) = C(E1) + C(E2) + 3.

5 Using the equations based representation to formulate
predicates about sets

Let E be a set defined by its variable e and a system of equations E(X) = 0. X is the set of all
unknowns, of course e is one of the variables in X. Space variables x, y in 2D (x, y, z in 3D), i.e.
coordinates in the visible space V are variables in X.

We will follow DJC method, except that we recursively subdivide in the visible space. For
example, if we are interested in the topology of a 3D objects the points of which have coordinates
x, y, z, but there are other variables u, v, w, . . . in the system which defines E, we will recursively
subdivide a 3D box in the x, y, z space. To find a point S in E, even if coordinates x, y, z of S are
given (since we try the center and the vertices of the box, as DJC), the other variables u, v, w, . . .
are unknown. Of course, the interval solver, which is called as a subroutine by our extension of
DJC, will probably subdivide along the dimensions u, v, w, . . ..

So we solve with interval analysis the system E(X) = 0, e ≤ 0. If we want only equations, we
can solve E(X) = 0, e+ γ2 = 0 where γ is a new, auxiliary, real unknown.

Remark: instead of imposing e ≤ 0, we can rather compute the smallest e such that E(X) = 0.
The solver will give a list of boxes enclosing local minima. If the interval of the smallest minima
is completely negative, we are sure that E is non empty. If the interval of the smallest minima is
completely positive, we are sure that E is empty. If the interval of the smallest minima contains
0, we can not decide. We will subdivide the studied box.

When we know a potential star S ∈ E, we need to prove that it is a star, or that it is not.
We define the set of counter examples (which prove that S is not a star) as follows: we need 2
points X1 and X2 inside the studied box B, such that: S,X1, X2 are aligned (in this order) in the
visible space, X1 is outside E (thus inside the complement of E), and X2 is inside E. The system
of equations straightforwardly follows. We solve the system with some interval solver. If there is
no counter example, then S is a star. If the solver does not know, or provides a counter example,
then we can not prove that S is a star, so we subdivide the box.

9



Figure 2: The Minkowski sum of a disk and a rectangle.

6 Representation for some other sets

6.1 The Minkowski sum

The Minkowski sum of two 3D sets E1 and E2 is the set of points

E = {(x, y, z) = (x1 + x2, y1 + y2, z1 + z2) | (x1, y1, z1) ∈ E1, (x2, y2, z2) ∈ E2}
When E1 is defined with the variable e1 and the system of equations E1, and similarly for E2, then
the set E = E1 ⊕ E2 is defined with a new variable e, the concatenation of systems for X1 ∈ E1,
for X2 ∈ E2, and x1 +x2−x = y1 +y2−y = z1 +z2−z = 0. Moreover e = min(e1 +e2). With this
definition, the boundary of E is characterized by e = 0; points strictly inside E are characterized
by e < 0; points strictly outside E are characterized by e > 0.

Now we present the corresponding system for the minimization problem. Let E0 be the
Minkowski sum of two geometric sets E1 and E2 in dimension d. That is

z ∈ E0 ⇐⇒ ∃x,y, z ∈ Rd : z = x + y ∧ x ∈ E1 ∧ y ∈ E2.

Let Si be the ordered set of equations used in the description of geometric set Ei, i = 0, 1, 2. Let
fk(Si) denote the k-th equation of Si. Let Vi be the set of variables in Si, i = 0, 1, 2. In general,
|Vi| = |Si| + d. Let si ∈ Vi be the slack variable of set Ei. We want to minimize s1 + s2. To
do so we shall use the Fritz John conditions along with a normalization condition. Fritz John
conditions allow for inequality constraints and also handle the case where the constraints are
linearly dependent at the minimum. The normalization condition provides trivial bounds for the
multipliers.

The John conditions can be generated with the aid of the following quantity J , similar to a
Lagrangian:

J := µ0(s1 + s2) + µ1s1 + µ2s2 +

|S1|∑

i=1

uifi(S1) +

|S2|∑

i=1

vifi(S2) + w · (z− x− y)

Now S0 contains ∂J
∂a , ∀a ∈ Vi, i = 1, 2 (|S1| + |S2| + 2d equations in general), as well as the

following equations:

zi − xi − yi = 0, i = 1, . . . , d

µisi = 0, i = 1, 2

fi(S1) = 0, i = 1, . . . , |S1|
fi(S2) = 0, i = 1, . . . , |S2|

µ0 + µ1 + µ2 +
d∑

i=1

w2
i +

|S1|∑

i=1

u2i +

|S2|∑

i=1

v2i = 1, µi ≥ 0

s0 − s1 − s2 = 0,

10
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Figure 3: Left: a projection of a disk. Right: an extrusion of a rectangle.

with the normalization condition implying that µi ∈ [0, 1] and wi, ui, vi ∈ [−1, 1]. It also follows
that C(E0) = C(E1) + C(E2) + 3d+ 4.

6.2 The projection of a set

We consider only this example, and we leave the generalization to the reader. Let E be the 3D
set {(x, y, z) | E(x, y, z, e) = 0, e ≤ 0}. We consider the set Ep which is the projection of E
orthogonally to the plane Oxy. In other words, Ep = {(x, y) | ∃z, E(x, y, z, e) = 0, e ≤ 0}. It
can be formulated as a minimization problem: (x, y) lies in Ep if for the z which minimizes e
for this x, y, it holds that e is negative or 0. Thus the system for Ep is the concatenation of the
system which defines E, plus the system for: ep = min e, which is managed as in section 3.3; the
variable ep is the variable which characterizes Ep; note that x, y are ”given” parameters (they are
coordinates in Y , in the notation of section 3.3), and the minimization is done on z.

This projection ”forgets” the coordinate z; for sets parametrized with parameters u1, u2, ...up,
we want to ”forget” all parameters ui; the generalization is left to the reader.

6.3 The extrusion

Figure 3 illustrates an extrusion of a 2D rectangle.
Let E be a set defined by the system E(e,X) = 0 and the variable e. Let M(t), 0 ≤ t ≤ 1 be

the matrix of an affine transformation, at time t. For example, for rotating around the z axis:

M(t) =




cos(2πt) sin(2πt) 0 0
− sin(2πt) cos(2πt) 0 0

0 0 1 0
0 0 0 1




E is extruded, or swept, along M(t). It gives the set E′. The points x′, y′, z′ of E′ are defined by
(x′, y′, z,′ 1) = (x, y, z, 1)M(t). The variable e′ characterizing E′ is min e such that (x′, y′, z,′ 1) =
(x, y, z, 1)M(t).

Here E was moved basically along a curve (the time parameter t in [0, 1]). It is possible to move
E along a surface patch, parametrized by two parameters u and v, or inside a volume parametrized
by three parameters u, v, w. It suffices to concatenate the definition of this parameter space, to
get the full definition of E′.
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7 Implementation

Using Sage [S+12], we have implemented the proposed modeling of geometric sets. The advan-
tage of Sage is that it provides a very powerful programming environment through Python, with
interfaces to various open source scientific libraries. We implemented generation of the corre-
sponding algebraic systems which are then solved (more precisely, a covering of the solution space
is computed until a specified resolution is reached) using:

(a) a naive-solver that performs search in Rd

(b) Quimper [CJ09]

(c) an Interval-Newton solver written in C++ [Kub12]

Solver (a) provides a testbed for ideas and experiments and was implemented within Sage. We
implemented four variations: (a0) naive search in full Rd, (a1) full search with a trivial contractor
for algebraic expressions, (a2) subdivision in visible space along with the trivial contractor for
other dimensions, (a3) reduced-dimension search exploiting dependencies between variables which
are indicated a priori.

Solvers (b) and (c) are used as external programs, called within our script. We also added
support for graph visualization and analysis in order to perform the DM-decomposition [AaJM93]
via the corresponding bipartite graph or partitioning through the variable graph [WBL09] (we
aim to investigate the use of such techniques in future work).

We performed benchmarks concerning the following geometric primitives:

primitive equation type x× y

E1
1
3
x2 + y2 < 1 elliptic disk [−2, 2]× [−2, 2]

E2 (x− 3
4
)2 + (y − 3

4
)2 < 2

3
disk [−2, 2]× [−2, 2]

E3
1
5
x2 + y2 < 2

5
elliptic disk [−2, 2]× [−3, 1]

E4 x2 + y2 < 1
5

disk [−2, 2]× [−1, 1]
E5

1
5
x2 + (y + 1

2
)2 < 2

5
disk [−2, 2]× [−2, 2]

These primitives were used to describe the following geometric sets:

set description # equations × unknowns

(i) E1 simple primitive 1× 3

(ii) E1 complement 2× 4

(iii) E1 ∩ E2 intersection (optimization system) 6× 8

(iv) E1 ∩ E2 intersection (algebraic number system) 4× 6

(v) (E3 − E4) ∩ E5 more complex set 8× 10

(vi) E3 ⊕ E4 Minkowski sum; x-range for E4 is [−1, 1] 14× 16

which are then solved using solvers (a), (b) and (c), as shown in Fig. 4, 5, 6, 7, 8 and 9. The
top two rows show the covering of the geometric set with precision 0.1, as computed by solvers
a0, a1, a2, a3, b, c in this order. For convenience, only the visible space (x, y) is displayed (which
is often what we are interested in), however the dimension is much bigger, e.g. the Minkowski
sum of two primitives involves 16 variables, compared to only 3 for a single primitive. Red boxes
show rejected boxes, blue boxes show non-rejected boxes, and green boxes show boxes that are
guaranteed to contain at least one solution. This is currently implemented only for solver (a) with
a simple Miranda test [Vra89], but we aim to improve the test in the future, so that all boxes
within the interior of a set are green and only boxes on the boundary are blue. The next row
displays runtimes with varying precision. Bars in each cluster correspond to the six benchmarked
solvers. At the bottom row, on the left, the coresponding bipartite graph is displayed [AaJM93]:
One vertex for each equation and one vertex for each variable is created, with an edge joining an
equation with a variable iff the equation contains that variable. On the right, the variable graph
is displayed [WBL09]: Each vertex represents a variable and two vertices are connected iff the
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corresponding variables appear together in some equation. The generated systems along with the
initial boxes can be found in Sec. A.

We set a maximum run-time limit of 10 minutes. From the benchmarks we can observe the
following properties.

For sets (i) and (ii) (simple primitives and their complements), solvers (b) and (c) are very
efficient. When high precision is requested, (c) appears to be slightly more efficient than (b). Then
variation (a3) follows, which in fact hardcodes the dependency of the slack variable on the visible
space ((x, y) in our examples). The difference in runtime is due to the fact that the implementation
of (a3) is in Python, while (b) and (c) are in C++.

For (iii) and (iv) (intersections), the number of unknowns increases. For (iv), we notice a
remarkable performance of (b) contrary to the competition. For (iii) which is using the lagrangian
approach, the runtime of (b) increases by an order of magnitude, and the number of unknowns
rises from 6 to 8. We also observe that the naive 8-dimensional search of (a0) timed out, while (a2)
and (a3) perform very well, which suggests that focusing on the visible space and/or exploiting
dependencies between variables may be the way to go. However, the current version of (a2) is still
experimental, as it may fail to reject empty boxes for Minkowski sum computations (vi).

For the complex set (v), again (b) outperforms all other solvers. Solver (c) timed out for the
first time (with 10 unknowns).

Finally, for the Minkowski sum (vi), only (b) managed to run accurately within time, (a2)
performed relatively well, but failed to reject many boxes.

Solver (c) looks promising but needs to be extended so that it exploits the dependencies between
variables in order to be efficient in high dimensions.

Finally, we would like to mention that we have not treated yet an equally important problem:
testing the emptyness of a set. For this problem, one may follow two approaches:

• Modify existing solvers to stop when a solution is encountered.

• Augment the under-constrained system in a way that it becomes well-constrained and then
solve the new system. This can be done for example by computing a point in the solution
set that lies closest to the origin, by solving an optimization problem (cf. Sec. 3.3).

8 Conclusion

The DJC method initially applies only to boolean combinations of primitive sets. This new
representation of geometric sets permits to extend significantly and easily the scope of DJC: it
now applies to any combination of boolean operations, projections, Minkowski sums, extrusions,
deformations. The new representation of geometric sets likely permits to extend the scope of
other geometric algorithms. Its main feature is to provide a language for specifying constraints
about geometric sets, and for interrogating geometric sets. Interval analysis is used to solve the
automatically generated systems of equations. Indeed, with this new representation, it seems that
numerous geometric problems are reduced to solving a system of equations, or solving a system
of optimization problems.

We conclude with open questions and further work.

The implications for interval solvers. First of all, the examples are in accordance with the
theory and confirm that the modeling through the proposed algebraic systems is correct. Current
benchmarks suggest that the built-in contractor of Quimper (b) performs amazingly well and at
the same time, we might benefit if we exploit dependencies between variables. Thus future work
includes:

• Using Bernstein-based solvers in the hope that they will produce more efficient pruning of
boxes. In this direction we have already implemented a parser for multivariate polynomials
to be used along with [Dje12] (which concerns an efficient LP solver for sparse problems)
towards an efficient implementation of [FMF10].
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• Applying techniques in [AaJM93] and [WBL09] in order to exploit dependencies between
variables and the fact that the generated systems are rather sparse (each equation contains
only a few unknowns, compared to the total number of unknowns). In [WBL09] a partitioning
technique has been successfully used to attack cryptanalysis problems.

• Implementing the emptiness test. This can be done as mentioned either by stopping at the
first solution encountered, or by solving an appropriate well-constrained system (cf. Sec. 7).

• Implementing second derivative tests for generic optimization problems (though not required
so far).

Improvements of DJC. The DJC method provides a simplicial complex homotopic to the
studied set. The Hausdorff distance between the studied set and the simplicial complex can be
large; for instance, a simplicial complex made of a single vertex is homotopic to any (topological)
ball. It seems possible to modify DJC, to account for some threshold on the Hausdorff distance.
Another question is: is it possible to get a simplicial complex isotopic (instead of just homotopic)
to the studied set?

Is it possible to relax the fat set constraint? For instance a square in the plane, minus a circle
(which is not fat set) inside the square, is a fat set, with two components (the inside disk, and the
outside). Further, is it possible to account for pieces of boundary: parametric arcs of 2D curves in
2D, or parametric surface patches in 3D? We would like to study the topology imposed by a set
of boundary pieces: for instance do they delimit a boundary or not? It should be used to prove
that a given Brep (a Boundary Representation) is valid.
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A Generated systems of equations

A.1 E1 (simple primitive), 1× 3

1
3 x

2 + y2 − sp0 − 1 = 0
sp0 ∈ [−1.0000000000000000, 0]
x ∈ [−2.0000000000000000, 2.0000000000000000]
y ∈ [−2.0000000000000000, 2.0000000000000000]

A.2 E1 (complement), 2× 4

1
3 x

2 + y2 − sp0 − 1 = 0
sc1 + sp0 = 0

sc1 ∈ [−4.3333333333333340, 0]
sp0 ∈ [−1.0000000000000000, 4.3333333333333340]
x ∈ [−2.0000000000000000, 2.0000000000000000]
y ∈ [−2.0000000000000000, 2.0000000000000000]

A.3 E1 ∩ E2 (intersection, optimization system), 6× 8

1
3 x

2 + y2 − sp0 − 1 = 0
1
16 (4 y − 3)

2
+ 1

16 (4x− 3)
2 − sp1 − 2

3 = 0
asp0

− si2 + sp0 = 0
asp1

− si2 + sp1 = 0
asp0

· lsp0
= 0

−
(
lsp0
− 1
)
asp1

= 0

asp0
∈ [0.00000000000000000, 15.458333333333334]

asp1
∈ [0.00000000000000000, 15.125000000000002]

lsp0
∈ [0.00000000000000000, 1.0000000000000000]

si2 ∈ [−1.0000000000000000, 0]
sp0 ∈ [−1.0000000000000000, 4.3333333333333340]
sp1 ∈ [−0.66666666666666675, 14.458333333333334]
x ∈ [−2.0000000000000000, 2.0000000000000000]
y ∈ [−2.0000000000000000, 2.0000000000000000]

A.4 E1 ∩ E2 (intersection, algebraic number system), 4× 6

1
3 x

2 + y2 − sp0 − 1 = 0
1
16 (4 y − 3)

2
+ 1

16 (4x− 3)
2 − sp1 − 2

3 = 0(
asp0

− sp0 + sp1

)(
asp0

+ sp0 − sp1

)
= 0

−asp0
+ 2 si2 − sp0 − sp1 = 0

asp0
∈ [0.00000000000000000..15.458333333333334]

si2 ∈ [−0.83333333333333338..0]
sp0 ∈ [−1.0000000000000000..4.3333333333333340]
sp1 ∈ [−0.66666666666666675..14.458333333333334]
x ∈ [−2.0000000000000000..2.0000000000000000]
y ∈ [−2.0000000000000000..2.0000000000000000]
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A.5 (E3 − E4) ∩ E5 (more complex set), 8× 10

0.2x2 + y2 − sp0 − 0.4 = 0
x2 + y2 − sp1 − 0.2 = 0

sc3 + sp1 = 0(
asp0

− sc3 + sp0

)(
asp0

+ sc3 − sp0

)
= 0

−asp0
− sc3 + 2 si4 − sp0 = 0

(y + 0.5)
2

+ 0.2x2 − sp2 − 0.4 = 0(
asi4 − si4 + sp2

)(
asi4 + si4 − sp2

)
= 0

−asi4 − si4 + 2 si5 − sp2 = 0

asi4 ∈ [0.00000000000000000, 9.2500000000000018]

asp0
∈ [0.00000000000000000, 9.2000000000000011]

sc3 ∈ [−4.8000000000000008, 0.20000000000000002]
si4 ∈ [−2.6000000000000006, 4.4000000000000004]
si5 ∈ [−1.5000000000000005, 0]

sp0 ∈ [−0.40000000000000003, 4.4000000000000004]
sp1 ∈ [−0.20000000000000002, 4.8000000000000008]
sp2 ∈ [−0.40000000000000003, 6.6500000000000013]
x ∈ [−2.0000000000000000, 2.0000000000000000]
y ∈ [−1.0000000000000000, 1.0000000000000000]

A.6 E3 ⊕ E4 (Minkowski sum), 14× 16

0.200000000000000x2sp0
+ y2sp0

− sp0 − 0.400000000000000 = 0

x2sp1
+ y2sp1

− sp1 − 0.200000000000000 = 0

x− xsp0
− xsp1

= 0
y − ysp0

− ysp1
= 0

sm2 − sp0 − sp1 = 0
m1sm2 · sp0 = 0
m2sm2

· sp1 = 0

lx2
sm2

+ ly2
sm2

+ u02sm2
+ v02sm2

+ m0sm2
+ m1sm2

+ m2sm2
− 1 = 0

2 u0sm2 · ysp0
− lysm2

= 0
2 v0sm2 · xsp1

− lxsm2
= 0

m0sm2
+ m2sm2

− v0sm2
= 0

m0sm2
+ m1sm2

− u0sm2
= 0

0.400000000000000 u0sm2 · xsp0
− lxsm2 = 0

2 v0sm2 · ysp1
− lysm2

= 0

lxsm2 ∈ [−1.0000000000000000, 1.0000000000000000]
lysm2

∈ [−1.0000000000000000, 1.0000000000000000]
m0sm2

∈ [0.00000000000000000, 1.0000000000000000]
m1sm2

∈ [0.00000000000000000, 1.0000000000000000]
m2sm2 ∈ [0.00000000000000000, 1.0000000000000000]

sm2 ∈ [−0.60000000000000009, 0]
sp0 ∈ [−0.40000000000000003, 4.4000000000000004]
sp1 ∈ [−0.20000000000000002, 1.8000000000000001]

u0sm2
∈ [−1.0000000000000000, 1.0000000000000000]

v0sm2
∈ [−1.0000000000000000, 1.0000000000000000]

x ∈ [−3.0000000000000000, 3.0000000000000000]
xsp0

∈ [−2.0000000000000000, 2.0000000000000000]
xsp1

∈ [−1.0000000000000000, 1.0000000000000000]
y ∈ [−3.0000000000000000, 3.0000000000000000]

ysp0
∈ [−2.0000000000000000, 2.0000000000000000]

ysp1
∈ [−1.0000000000000000, 1.0000000000000000]
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Chapter 7

Constrained 3D triangles

This section shows one application of geometric constraints-based modeling
in which we use the Bernstein solver developed within this project to com-
pute constrained surfaces. The solver is used to compute the points defining
special triangles, called 3D triangles, on Dupin cyclides. Dupin cyclides are
a class of algebraic surfaces of degree four having some interesting properties
for geometric modeling. The constraints are expressed through the curvature
lines and the Villarceau circles of the cyclide.

The outcome of this study is a technical report that we have not yet finished
writing. The version included in this chapter is the very first draft of this
report [6]. It is only given as an indication of our progress. Although the
equations and the algorithms presented here are correct, the text style needs
a deep revision and restructuring.

Dupin cyclides are non-spherical algebraic surfaces of degree 4, discovered by
the French mathematician Pierre-Charles Dupin at the beginning of the 19th
century. A Dupin cyclide surface has circular lines of curvature. It can be
expressed in three different ways as a parametric equation and two implicit
equations. It is possible to define a Dupin cyclide as an image of a torus, a
cone of revolution or a cylinder of revolution by an inversion. A torus has
two families of circles: meridians and parallels. There is a third family of
circles on a ring torus: Villarceau circles. As the image, by an inversion, of
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a circle is a circle or a straight line, the goal of this study is to determine
the equation of a Villarceau circle on a Dupin cyclide, and to construct, on
a ring torus, non-planar triangles with circular edges, each edge is a circular
arc belonging to one of the three families of circles mentioned above. By an
inversion, the image of this triangle is a non-planar triangle belonging to a
ring Dupin cyclide.
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Computation of irular edge 3D triangles on ringDupin ylidesFirst draft reportLionel Garnier1 , Sebti Foufou2,1 , Loi Pueh1

1 Le2i Lab., UMR CNRS 6306, University of Burgundy
2 Computer Siene and Engineering, CENG, Qatar Universitylgarnier�u-bourgogne.fr, sfoufou�qu.edu.qaApril 15, 2012AbstratDupin ylides are non-spherial algebrai surfaes of degree 4, disovered by theFrenh mathematiian Pierre-Charles Dupin at the beginning of the 19th entury. Wean de�ne Dupin ylides as envelope of a one-parameter family of spheres in to ways.Then, a Dupin ylide has irles as lines of urvature (i.e; the harateristi irles).Moreover, a Dupin ylide has a parametri equation and two impliit equations. Itis possible to de�ne a Dupin ylide as an image of a torus, a one of revolution or aylinder of revolution by an inversion. A torus has two families of irles : meridiansand parallels. There is a third family of irles on a ring torus: Villareau irles. Asthe image, by an inversion, of a irle is a irle or a straight line, the goal of thispaper is to determine the equation of a Villareau irle on a Dupin ylide, and toonstrut, on a ring torus, non-planar triangles with irular edges, eah edge is airular ar from the three families mentioned above. By an inversion, the image ofthis triangle is a non-planar triangle belonging to a ring Dupin ylide.This report is a �rst draft and in any ase it should not be onsidered as a �naldoument. The equations and algorithms presented here have been veri�ed , howeverthe text still need substantial editing, it should be restrutured and improved.
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1 IntrodutionIn 1822, the Frenh mathematiian Charles Dupin de�ned a new type of surfaes : Dupinylides [Dup22℄. Several de�nitions are possible and we just give two of them: a Dupin y-lide is an envelope of two families of one parameter oriented spheres. Then, the urvatureurves of a Dupin ylide are the irles whih are the tangent urves between the Dupinylide and a sphere belonging to one of the aforementioned two families. These irlesare alled harateristi irles. we an distinguish two families of harateristi irles:the meridian irles and the parallel irles. These surfaes have a parametri equationand are algebrai and the degree of the impliit equation is almost four [Dar87, For12℄. In1982, Ralph Martin introdued it in omputer geometri design [Mar82℄.It is possible to represent a surfae without equation by using meshes: in this model,the surfae is a union of planar triangles. Of ourse, in this ase, the blend between twotriangles is G0. This join is bad beause, in a vertex, we have at least two normal vetorsand then, the visualization is not smooth. So, the idea is the use of �great� 3D trianglesinstead of planar triangles. To do that, we will utilize retangle triangles on ring Dupinylides: the �rst edge is a Villareau irle, the seond edge is a meridian and the thirdedge is a parallel irle. Another motivation is the redution of the number of values tostore in the Figure 1, we have diagrammed a 3D triangle on a Dupin ylide, Figure 1. Forexample, we have shown a 3D triangle on a Dupin ylide, whih approximates sixty-sevenplanar triangles. With the 3D triangle, we have to store:
• three reals (the Dupin ylide parameters);
• twenty-four reals (the a�ne transformation to plae the Dupin ylide in the frame)whereas the use of the planar triangles implies the utilization of hundred and thirty �vereals (forty-�ve verties).We an note that we use the 3D triangles during the modeling step. To visualize a Dupinylide, we disretize the surfae and we use planar triangles. An other possibility wouldbe the development of iterative algorithm similar to those presented in [GDL11, DGL11a℄.The 3D triangles are very useful to derease the alulus during the intersetion alulusin ray-traing for example, Figure 2. With our example, we ut the spae using three half-spaes and, at �rst, we solve three inequations. In the favorable ase, we solve an equationof degree four. Using the planar triangles, it is possible to have to solve two hundred one(67 × 3 = 201) inequations (the edges) and sixty seven equations.The paper is organized as follow : the setion 2 is a bakground about the torii, the inversionin a a�ne spae and Dupin ylides. The setion 3 gives the equations of Villareau irles2
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Figure 2: 3D triangles and ray-traing.on a Dupin ylide. Before the onlusion, setions 5.1 and 5.2 present two algorithmswhih permit the onstrution of 3D triangles on a ring torus and then, on a Dupin ylide.We note that the reader an onsult [TFM+09, Pue10℄ about the Bernstein solver and[Gar07℄ about the representation of irular ar using quadrati rational Bézier urves.2 BakgroundIn this paper, (
O,−→ı ,−→ ,−→k

) is the diret orthonormal referene frame of the usual 3DEulidean a�ne spae E3. The distane between two points A and B is noted AB.Let be R∆,θ0 the rotation having ∆ (resp. θ0) as axis (resp. angle).Let C (Ω0, ρ) be the irle whih has Ω0 as enter and ρ as radius.Let S (Ω0, R) (resp. B (Ω0, R)) be the oriented sphere (resp. ball) whih has Ω0 as enterand R as radius (i.e. R an be negative).
4



2.1 The ring torus2.1.1 De�nitionA ring torus is a surfae of revolution. The meridian is the union of two oplanar irlesC1 and C2 having the same radius r, �gure 3(a). r is alled the minor radius. Let O1(resp. O2) be the enter of the irle C1 (resp. C2) suh as1:
2 r < O1O2 (1)Let Ω be the midpoint of the segment [O1O2]. Let be ∆ the perpendiular bisetor of thesegment [O1O2] in the plane de�ned by the two irles C1 and C2. Let be R = ΩO1. Ris alled the major radius. The ring torus de�ned by the two previous irles is therevolution surfae obtained by rotations of these irles around the axes ∆, �gure 4.

bb b

C2∆C1

O1 O2

Ω

RR

rr

Figure 3: C1 ∪ C2, a meridian of a ring torus.We an note that a torus admits a in�nity of symmetry planes:
• the plane Ps, orthogonal to ∆ and passing through Ω;
• eah plane ontaining the axis ∆.1In this paper, we do not onsider the other torii beause the Villareau irles are just de�ned on ringtorii. 5



Figure 4: 3D view of a ring torus.If we onsider that the vetor (Ω,
−→
k ) is the referene frame of the axis ∆, an algebraiimpliit equation of the torus, in the referene frame (

Ω,−→ı ,−→ ,−→k
) is [LFA91℄:

FT (x, y, z) =
(
x2 + y2 + z2 +R2 − r2

)2 − 4R2
(
x2 + y2

)
= 0. (2)and a non-algebrai impliit equation2 is [BGL01℄:

(
R−

√
x2 + y2

)2

+ z2 − r2 = 0 (3)and the equation of the plane Ps is z = 0. In the same referene frame, a parametriequation of the torus is:
ΓT (θ, ψ) =




x (θ, ψ)
y (θ, ψ)
z (θ, ψ)


 =




(R + r cos θ) cosψ
(R + r cos θ) sinψ

r sin θ


 (4)where (θ, ψ) ∈ [0; 2π]2.It is well know that a torus an be de�ned be an envelope of one parameter family oforiented sphere in two ways. The enter of the spheres belonging to the �rst (resp. seond)family are on the irle whih equation (R cos (θ) , R sin (θ) , 0) and radius r in Ps (resp.on the axis ∆). Then, the urvature lines of a torus are harateristi irles and they areobtained with one of the parameters onstant in formula (4), �gures 5 and 6.From formula (2), we an de�ne the interior and the exterior of a torus: a pointM0 (x0, y0, z0)belongs to the interior (resp. exterior) of the torus is FT (x0, y0, z0) < 0 (resp. FT (x0, y0, z0) >

0).2Just the ring torus admits this equation. 6



Figure 5: Meridian irles on a torus, ψ is onstant in formula (4).

Figure 6: Parallel irles on a torus, θ is onstant in formula (4).2.1.2 Villareau irlesA Villareau irle is the intersetion between the torus and a plane whih is bi-tangent tothis torus, Figure 7.
b b
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b

b

z C2C1
∆

O1 O2
Ω

M1

x
R

R

M2

rr

r x+ z
√
R2 − r2 = 0

Figure 7: Plane tangent to a ring tore at two points M1 and M2 in the plane Py : y = 0.7



To determine the Villareau irle equation on a torus, we ompute the equation of twoVillareau irle in the plane Py : y = 0. The other equation an be omputed using theprevious rotations. So, we onsider the plane P, tangent to the ring torus at two pointsand it is easy to see that its equation is:
rx+

√
R2 − r2 z = 0and the setion of the torus by the plane P is the union of two Villareau irles, Figure8(a).

(a) (b)Figure 8: Two Villareau irles on a torus. (a): using a bi-tangent plane. (b): using twospheres.From the equation (3), it is possible to de�ne Villareau irles using two spheres. TheVillareau irle is a great irle of spheres entered in (0, r, 0) and (0,−r, 0) having R asradius, Figure 8(b).To obtain the equation of the urve, we have to determine a relationship between theparameters θ and ψ. So, using the formula (4), the intersetion between the torus and theplane P leads to:
r (R + r cos θ) cosψ +

√
R2 − r2 r sin θ = 0and then, we have:

cosψ = −
√
R2 − r2 sin θ

(R + r cos θ)and:
sinψ = ε

√
1 − cos2 ψwhere ε is in {−1; 1}. Finally, we obtain the system:





cosψ = −
√
R2 − r2 sin θ

(R + r cos θ)

sinψ = ε
R cos θ + r

R + r cos θ

(5)8



We replae the expressions of cosψ and sinψ in the formula (4), and we have the equationsof two Villareau irles Cε, �gure 9(a) :
γε (t) =




√
R2 − r2 sin t

ε (R cos t + r)
r sin t


 (6)where ε ∈ {−1; 1} and t ∈ [0; 2π]. Now, we will prove that γε (t) is a point belonging tothe sphere Sε whih Ωε (0, εr, 0) as enter and R as radius:

Ωεγε (t)2 = (R2 − r2) sin2 t +R2 cos t2 + r2 sin2 t
= R2 cos2 t +R2 sin2 t
= R2From formula (6), using the rotations whih have (

O,
−→
k

) as axis and θ0 as angles, weobtain the equations of the Villareau irles Cε,θ0:
γε,θ0 (t) =




√
R2 − r2 sin (t) cos (θ0) − (r + R cos (t)) sin (θ0)

ε
(√

R2 − r2 sin (t) sin (θ0) + (r + R cos (t)) cos (θ0)
)

r sin (t)


 (7)where θ0 is a set real number and ε ∈ {−1; 1}, Figure 9(b).

Figure 9: Villareau irles on a ring torus. (a) : the "init" irles in Pz. (b) : four irlesobtained by rotation of the previous irles.From formula (7), it is easy to ompute the enter of Villareau irle Cε,θ0. We have:
γε,θ0 (0) =




− (r +R) sin (θ0)
ε (r +R) cos (θ0)

0


9



and:
γε,θ0 (π) =




− (r − R) sin (θ0)
ε (r − R) cos (θ0)

0


and then its enter Oε,θ0 is the midpoint of the segment [γε,θ0 (0) γε,θ0 (π)]:

Oε,θ0 =




−r sin (θ0)
εr cos (θ0)

0


 (8)and its radius is R. Indeed, we have:

Oε,θ0γε,θ0 (0)2 = (− (r +R) sin (θ0) + r sin (θ0))
2 + (ε (r +R) cos (θ0) − εr cos (θ0))

2

= (−R sin (θ0))
2 + (εR cos (θ0))

2

= R2
(
sin2 (θ0) + cos2 (θ0)

)

= R2and then we an remark that a Villareau irle Cε,θ0 is a great irle of the sphere Sε,θ0,image of the sphere Sε by the rotation R∆,θ0 . To use the relationship between torii andDupin ylides, we de�ne the following transformation : the inversion in an a�ne spae.2.2 The inversion in an a�ne spaeIn this setion, the word sphere designates a sphere or a irle.Dé�nition 1 [Inversion℄Let k be a non-zero real and Ω be a point in an Eulidean a�ne spae E . An inversionwhih Ω as pole (or enter) and k as ratio is the transformation de�ned by :
iΩ,α : M 6= Ω 7−→ M ′|

−−→
ΩM ′ =

k

ΩM 2

−−→
ΩMIn fat, M ′ is the unique point belonging to the line (ΩM) satisfying the following relation:

−−→
ΩM •

−−→
ΩM ′ = kIf k is non-negative, the invariant points by the positive inversion iΩ,k are the sphere,alled inversion sphere, whih has Ω as enter and √

k as radius. Later, it will be easyto determine a torus from a Dupin ylide: we will need to ompute the images of twooplanar irles suh as the image irles have the same radius. To do that, we have togive two theorems, the proof of the �rst theorem an be found in [Gar07℄.10



Théorème 1 [Image of a sphere by an inversion℄Let iΩ,α an inversion in E . Let S = S (Ω0, R). Then :
➢ Sf Ω ∈ S, iΩ,k (S) is a hyperplan in E , whih −−→

Ω0Ω as normal vetor, passing throughthe point M ′
1 = iΩ,α(M1), where {M1} = (S∩ (Ω0Ω)) − {Ω}.

➢ Si Ω 6∈ S, iΩ,k (S) is the image of the sphere S be the homothety whih has Ω as enterand k

Ω0Ω2 −R2
as ratio.Théorème 2 [Image of a open ball by an inversion℄Let iΩ,k be an inversion of E . Let be S = S (Ω0, R) (resp. B = B (Ω0, R)).Let be S̃ = iΩ,k (S) = S

(
Ω̃0, R̃

) and B̃ = iΩ,k (B) = B
(
Ω̃0, R̃

). Then:
➢ If Ω ∈ B, then iΩ,k (B) = CB̃∪S̃ = E −

(B̃ ∪ S̃).
➢ If Ω 6∈ B, then iΩ,k (B) = B̃.The seond theorem is admitted and is illustrated by Figure 10. The inversion sphere, inblak is Si. The image of the sphere S (resp. S1) is the sphere S̃ (resp. S̃1). In the twoases, the sphere S1 is in the open ball B de�ned by the irle S. If Ω ∈ B (resp. Ω /∈ B∪ S)the image S̃1 = iΩ,k (S1) of the sphere S1 is not in the ball B̃ (resp. is in ball B̃), Figure10(a) (resp. Figure 10(2)).2.3 Quarti Dupin ylidesIn this rest of this paper, a sphere designates an oriented sphere or an oriented plane in E3.Dé�nition 2 [Quarti Dupin Cylide℄We give two equivalent de�nitions of a quarti Dupin ylide:
• A Dupin ylide is the image of a torus by an inversion, the enter of the inversionis not equals to the torus enter and does not belong to the torus;
• A Dupin ylide is the envelope of two families of one parameter oriented spheres, thelous of the enters are an ellipse E, equation (9) and �gure 11(a), and a hyperbolaH, equation (9) and �gure 11(b), in two perpendiular planes.11
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Moreover, the vertex of one is the fous of the other [For12, Dar87, Dar17℄ and thenwe have the relationship:
b2 = a2 − c2Some de�nitions are possible, see [Gar07℄. A parallel irle (resp. meridian irle) is aharateristi irle a the Dupin ylide belonging to a sphere entered on the hyperbola(resp. ellipse), Figure 14.

Figure 11: A Dupin ylide, envelope of two families of one parameter spheres where thelous of the enters are an ellipse and a hyperbola in two orthogonal planes. (a) : theenters of the spheres belong to an ellipse. (b) : the enters of the spheres belong to ahyperbola (two planes belong to the family).Moreover, to ompute the impliit equation of the Dupin ylide, a parameter µ is intro-dued [For12, DGL+11b℄ and there is a referene frame (O,−→ı0 ,−→0 ,
−→
k0) where the Dupinylide has two equivalent impliit equations [For12, Dar87℄:

(x2 + y2 + z2 − µ2 + b2)
2 − 4(a x− c µ)2 − 4b2 y2 = 0 (11)

(x2 + y2 + z2 − µ2 − b2)
2 − 4(c x− a µ)2 − 4b2 z2 = 0 (12)and a parametri equation:

Γ(θ, ψ) =




µ (c− a cos θ cos ψ) + b2 cos θ

a− c cos θ cos ψ

b sin θ (a− µ cos ψ)

a− c cos θ cos ψ

b sinψ (c cos θ − µ)

a− c cos θ cos ψ


13



where θ ∈ [0, 2π] et ψ ∈ [0, 2π]. From formulae (11) and (12), it is easy to see that theplanes Py : y = 0 and Pz : z = 0 are two planes of symmetry.The image of a ring torus is a ring Dupin ylide, noted CD4A, [Gar07℄ and then, we havethe ondition:
0 < c < µ < aThen, to determine a Dupin ylide, we an �nd the three previous parameters and asolution is the use of two oplanar prinipal irle: prinipal irles are setions of theDupin ylide be one of the two planes of symmetry. Figure 12 shows the two prinipalirles in Py and the parameters are given by:

(a, c, µ) =

(
O1O2

2
,
ρ1 − ρ2

2
,
ρ1 + ρ2

2

) (13)where the prinipal irles are C1 = C (O1, ρ1) and C2 = C (O2, ρ2) with the ondition
ρ1 > ρ2.

bb b

zC1

ρ2 = µ− c

C2

O1 O2

O x

aa

ρ1 = µ+ c

Figure 12: Détermination of the three parameters of a ring Dupin ylide using two prin-ipal irles in the plane of symmetry Py : y = 0Figures 13 shows the two prinipal irles in Pz and the parameters are given by:
(a, c, µ) =

(
ρ1 + ρ2

2
,
O1O2

2
,
ρ1 − ρ2

2

) (14)where the prinipal irles are C1 = C (O1, ρ1) and C2 = C (O2, ρ2) with the ondition
ρ1 > ρ2. 14



b bb
OO1 C1O2C2
ρ2 = a − µ

ρ1 = µ + a

c c
x

y

Figure 13: Détermination of the three parameters of a ring Dupin ylide using two prin-ipal irles in the plane of symmetry Pz : z = 0The Figure 14 shows meridian irles, parallel irles and prinipal irles (in blak) ona ring Dupin ylide.We an remark that a ring torus is a degenerate Dupin ylide: wehave c = 0, a = R and µ = r. In this ase, the hyperbola is a degenerate oni: a doublestraight line.3 Equations of Villareau irles on a ring Dupin ylideIn this setion, we �nd an inversion suh as the image of a ring Dupin ylide is a ringtorus. The steps of our solution is: omputation of inversions suh as the images of twoprinipal irles of a Dupin ylide in Py are meridians of ring torii (i.e. these inversionstransform. We note that some trouble arise:
• the image of the enter of a irle by an inversion is not the enter of the image irle;
• if a diameter is not ollinear with the enter of the inversion, the image of the diameteris not a diameter of the image irle.
• if a diameter is ollinear with the enter of the inversion, the image of the diameteris a diameter of the image irle.To simplify our problem, we identify the plane Py with the omplex plane.15



Figure 14: Cirles on a Dupin ylide. Magenta: parallel irles. Blue: meridian irles.Blak: prinipal irles.3.1 Inversion in the omplex planeLet f be an inversion of the omplex plane PC, Ω (ω) its pole and k its ratio. Let M ′ (z′)be the image of M (z) by the inversion f . The expression of z′ is:
z′ = f (z) = ω +

k

z − ω
(15)Let C1 and C2 two irles whih have [A1B1] and [A2B2] as diameter suh as these fourpoints are ollinear and belong to the real line in PC. We note a1, b1, a2 and b2 the a�xesof the points A1, B1, A2 and B2 respetively. With this onditions, we �nd a real ω suhthat the images of the irles C1 and C2 by f are two irles having the same radius, Figure15.The a�xes of points A′

1, B′
1, A′

2 and B′
2 are f (a1), f (b1), f (a2) and f (b2) respetively.The two irles f (C1) and f (C1) have the same radius i� |f (b1) − f (a1)| = |f (b2) − f (a2)|i�: ∣∣∣∣

1

b1 − ω
− 1

a1 − ω

∣∣∣∣ =

∣∣∣∣
1

b2 − ω
− 1

a2 − ω

∣∣∣∣ (16)16
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Figure 15: The images of two irles with distint radii by an inversion are two irles withthe same radius.If the number (b2 − a1) (b2 − a2) (b1 − a1) (b1 − a2) is positif, we introdue the number:
δ1 =

√
(b2 − a1) (b2 − a2) (b1 − a1) (b1 − a2)else δ1 is a omplex square root of (b2 − a1) (b2 − a2) (b1 − a1) (b1 − a2).If the number − (a2 − a1) (b2 − a2) (b1 − a1) (b1 − b2) is positif, we introdue the number:

δ2 =
√

− (a2 − a1) (b2 − a2) (b1 − a1) (b1 − b2)else δ2 is a omplex square root of − (a2 − a1) (b2 − a2) (b1 − a1) (b1 − b2). The equation(16) admits four solutions:
ω1 =

b1b2 − a2a1 + δ1
b2 − a2 + b1 − a1

ω2 =
b1b2 − a2a1 − δ1
b2 − a2 + b1 − a1

ω3 =
b1a2 − b2a1 + δ2
b1 − a1 + a2 − b2

ω4 =
b1a2 − b2a1 − δ2
b1 − a1 + a2 − b2

(17)
3.2 Simpli�ation in the ring Dupin ylide aseWhen C1 and C2 are two prinipals irles in Py of a Dupin ylide having its parameters a, cand µ non-negatives, we have A1 (a− µ+ c; 0; 0), B1 (a + µ− c; 0; 0), A2 (−a + µ+ c; 0; 0)and B2 (−a− µ− c; 0; 0), Figure 15. As we use ring Dupin ylides (i.e. 0 < c < µ < a),
ω1 and ω2 are not reals, ω3 and ω4 are real and then we obtain two solutions:

ω3 =
aµ+ b

√
µ2 − c2

c
and ω4 =

aµ− b
√
µ2 − c2

c
(18)17



Let ω be one of the two real roots. We an note that the pole Ω of the inversion isnot equal to A1, B1, A2 or B2.3.3 Torii, images of a Dupin ylide by inversionsIn this setion, we ome bak in the a�ne spae E3. Let Ω0 (ω; 0; 0) be the pole of theinversion iΩ0,k from E − {Ω0} to E − {Ω0} and k its ration, suh as its restrition to Py,seen as omplex plane, is f . Let M (x; y; z) be a point in E − {Ω0} and M ′ (x′; y′; z′) itsimage by f . The expression of the map f is:
f : E − {Ω0} → E − {Ω0}




x
y
z


 7→




ω +
k (x− ω)

(x− ω)2 + y2 + z2

ky

(x− ω)2 + y2 + z2

kz

(x− ω)2 + y2 + z2




(19)
We determine the radii of the torii, �gure 15, as follow:

r =
B′

1A′
1

2
and R = 1

2
B′

1B
′
2 + rand the enter of the torus is the point Ω, midpoint of the segment [B′

1B
′
2] and its oordi-nates are:

(x0; 0; 0) with x0 =
xB′

1
+xB′

2

2and the map of the torus, formula (4), is expressed in the referene frame (
Ω,−→ı ,−→ ,−→k

).Of ourse, in the same basis, the equations of the Villareau irles on this torus are givenby formula (7).4 Villareau irles on a Dupin ylideWe remark that a Villareau irle on a Dupin ylide an be de�ned as intersetion ofthis Dupin ylide and a sphere. Indeed, let Cv be a Villareau irle on a torus obtainedby intersetion between this torus and sphere S = S (Ω1, R). Let S′ = HΩ,k1 (S) the imageof the sphere S by the homothety HΩ,k1 having Ω0 as enter and k1 = 1
Ω0Ω2

1−R2 as ratio[Lad02, Gar07℄. The Villareau irle C′
v on the Dupin ylide is the intersetion of thisDupin ylide and the sphere S′, Figures 17 and 18.18



4.1 A formal resultWe reall that we start from a ring Dupin ylide. In this setion, we onsider just one ofthe two real a�xes. Then, we hoose Ω3 (ω3; 0; 0) as the pole of the inversion where:
ω3 =

aµ+ b
√
µ2 − c2

c
(20)The numbers fa1, fb1, fa2 and fb2 are the a�xes of the points f (A1), f (B1), f (A2) and

f (B2) respetively and are given by:
fa1 =

aµ (−µ+ c) (a− c) − b2µ2 + b2c2 + kc2 +
√
µ2 − c2b (−2aµ + ac+ µc− c2)

c
(
ac+ µc− c2 − aµ− b

√
µ2 − c2

)

fb1 =
aµ (−µ+ c) (a+ c) − b2µ2 + b2c2 + kc2 +

√
µ2 − c2b (−2aµ+ ac− µc+ c2)

c
(
ac− µc+ c2 − aµ− b

√
µ2 − c2

)

fa2 =
aµ (µ+ c) (a+ c) + b2µ2 − b2c2 − kc2 +

√
µ2 − c2b (2aµ+ ac+ µc+ c2)

c
(
ac+ µc+ c2 + aµ+ b

√
µ2 − c2

)

fb2 =
aµ(µ+ c)(a− c) + b2µ2 − b2c2 − kc2 +

√
µ2 − c2b(2aµ + ac− µc− c2)

c
(
ac− µc− c2 + aµ+ b

√
µ2 − c2

) (21)We reall that the ratio k of the inversion is not negative. After some omputations, theminor radius of the torus is:
r =

k c2 (µ− c)(
(a+ c) (µ− c) + b

√
µ2 − c2

)(
(a− c) (µ− c) + b

√
µ2 − c2

) (22)the major radius is:
R =

k c2 (a− c)(
(a− c) (µ+ c) + b

√
µ2 − c2

)(
(a− c) (µ− c) + b

√
µ2 − c2

) (23)and its enter is:
Ω =

(
fb1 + fb2

2
; 0; 0

) (24)The absissa an be simpli�ed into:
xΩ =

fb1 + fb2
2

= ω − kb2 (ω − c)

((a− c) (µ+ ω) − b2) ((a+ c) (ω − c) + b2)
(25)19



To simplify the Villareau irles equations, we introdue:
den1 : t 7→

(
xΩ −

√
R2 − r2 cos θ0 sin t− ε (r +R cos t) sin θ0 − ω

)2and
den2 : t 7→

(
−

√
R2 − r2 sin θ0 sin t + ε (r +R cos t) cos θ0

)2

+ r2 sin2 twhere ε ∈ {−1; 1} and θ0 ∈ [0; 2π]. We an note that θ0 represents a rotation angle aroundthe axis (
O,

−→
k

). Then, the equations of Villareau irles on a ring Dupin ylide are:
γCD4

θ0,ε : t 7→




ω +
k

(
xΩ −

√
R2 − r2 cos θ0 sin t− ε (r +R cos t) sin θ0 − ω

)

den1 (t) + den2 (t)

k
(
−

√
R2 − r2 sin θ0 sin t+ ε (r +R cos t) cos θ0

)

den1 (t) + den2 (t)

kr sin t

den1 (t) + den2 (t)




(26)
4.2 Numerial resultsThe �gure 16(a) (resp. 16(b)) shows a Dupin ylide and a torus, image of the previousDupin ylide by the inversion iΩ3,k with Ω3

(
20 + 12

√
2; 0; 0

) and k = 1000 (resp. k =
3000). Dupin ylide parameters are a = 10, µ = 4 and c = 2. The radii and the entersof the torii are given in the table 1.Figure 16(a) Figure 16(b)

r
1000 − 625

√
2

42
≃ 2, 76

1000 − 625
√

2

14
≃ 8, 29

R
−1250 + 1000

√
2

21
≃ 7, 82

−1250 + 1000
√

2

7
≃ 23, 46

Ω




20 − 53
√

2

6
0
0


 ≃




7, 51
0
0







20 − 101
√

2

2
0
0


 ≃




51, 42
0
0




Table 1: Torii parameters given in the Figure 16.20



(a)
(b)Figure 16: A Dupin ylide and its images by an inversion whih has Ω3

(
20 + 12

√
2; 0; 0

)as enter. (a) : the ratio of the inversion is k = 1000. (b) : the ratio of the inversion is
k = 3000.The Figure 17(a) shows the Dupin ylide and two Villareau irles on the torus of theFigure 16(b). These irles are the intersetion between the torus and a sphere.

(a) (b)Figure 17: two Villareau irles on a Dupin ylide. (a) : the Dupin ylide, two Villareauirles as intersetions between a torus and a sphere. (b) : The orresponding Villareauirles as intersetion of a Dupin ylide and a sphere.The �gure 18 shows three ouples of Villareau irles on a Dupin ylide. From the Figure18, the spheres on the torus are obtained with the values of θ0 : π
2
, π and 3π

2
.21



(a) (b) ()Figure 18: Couples of Villareau irles on a Dupin ylide. (a) : θ0 = π
2
. (b) : θ0 = π. (): θ0 = 3π

2
.The Figure 19 shows twelve Villareau irles on a ring Dupin ylide.

Figure 19: Twelve Villareau irles on a ring Dupin ylide.4.3 3D trianglesThe Figure 20 shows two 3D retangular triangles, with irular edges (a Villareau irle,a meridian and a parallel), on a torus and on a Dupin ylide with θ0 = 0. The torusparameters are r = 4 and R = 8. The bounds of the Villareau irle ars are t = 0and t = π
2
. Dupin ylide parameters are a = 10, µ = 4 and c = 2. The bounds of theVillareau irle ars are t0 = −π

2
and t1 = 0.22



(a) (b)Figure 20: Two 3D retangular triangles 3D with irular edges. (a) : on a ring torus. (b): on a ring Dupin ylide.Using the previous Dupin ylide, the Figure 21(a) (resp. 21(b)) shows a 3D retangulartriangle with irular edges with θ0 = π
2
(resp. θ0 = −π

3
), the bounds of the Villareauirle ars are t0 = 0 (resp. t0 = −π

3
) and t1 = π

2
(resp. t1 = 0).

(a) (b)Figure 21: Two 3D retangular triangles 3D with irular edges on a ring Dupin ylide.(a) θ0 = π
2
. (b) : θ0 = −π

3
.

5 3D retangular triangles passing through three givenpointsWe have just seen that it is possible to onstrut 3D retangular triangles with irularedges on a ring torus or on a ring Dupin ylide. In this setion, we will impose the vertiesof these triangles. To do that, we will determine suh 3D triangles on a torus, setion 5.1,and then, using an inversion, we will determine a one parameter family of Dupin ylides,setion 5.2. 23



5.1 Torus aseTo distinguish the di�erent bases, the orthonormal basis of the torus is (OT ,
−→e1 ,−→e2 ,−→e3 ) andthe initial orthonormal basis of E3 is (Ω,−→e1 ,−→e2 ,−→e3 ).5.1.1 The inputsThe input data are three points P002, P020 and P200 of E3. As we want to onstrut a 3Dretangular triangle, two of these three points belong to a meridian irle, two of thesethree points belong to a parallel irle and two of these three points belong to a Villareauirle. Without loss of generality, we suppose that we have:

P002 = (x002, 0, 0) , P200 = (x200, y200, 0) , P020 = (x020, 0, z020) (27)with the following onstraints:
• the numbers x002, x020 and x200 are pairwise distint;
• y200 6= 0;
• x002 × x020 > 0.With the hoie made in formula (27), the kind of the irle is imposed, table 2.Point Point Kind of irle

P002 P020 Meridian
P002 P200 Parallel
P020 P200 VillareauTable 2: Verties and kind of irles on a ring torus, Figure 23 and 23.5.1.2 The outputsFrom these three points, we have to determinate the torus enter and the torus radii. Fromthe inputs, we an dedue that

• the parallel irle, passing through P002 and P200, is in the plane Pz : z = 0 and thenthe axis of the torus is known;. 24
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Figure 22: Diagram to ompute a 3D retangular triangle on a ring torus, algorithm 1.

Figure 23: The three input points of algorithm 1.
• the meridian irle, passing through P002 and P020, is in the plane Py : y = 0, andthen the enter OT of the torus too. 25



Eah irle ar is represented by a Rational Quadrati Bézier Curve in standard form, notedRQBC, [Gar07, Far99℄ and then, the form of the weighted points are {(P0, 1), (P1, ω), (P2, 1)}where P0 and P2 belong to the set {P002, P020, P200}. We have to determine the point P1and to ompute the weight ω for eah irle.To resume, see the Figure 22, we have to determine:
• OT (xT , 0, zT ), the enter of the tore;
• Ov(xv, yv, zT ), the enter of the Villareau irle;
• Om(xm, 0, zT ), the enter of the meridian irle;
• Op(xT , 0, 0), the enter of the parallel irle (xp = xT beause a diretor vetor of thetorus axis is −→e3 );
• r, the torus minor radius whih is the radius of the meridian irle;
• R, the torus major radius whih is the radius of the Villareau irle.The algorithm 1 gives the step to onstrut a 3D retangular triangle on a torus.The step 1 permits the omputation of xT and then the axis of the torus is (Op,

−→e3 ). Inthe step 2, the value xm depends on zT by the following relation xm = am zT + bm where
am and bm are two reals.In the step 3, the value yv depends on zT and xv by the following relation yv = av zT +
bb xv + cv where av, bv and cv are three reals.In the step 4 (resp. 5), the value r2 (resp. R2) depends on zT by the following relation
r2 = ar z

2
T + br zT + cr (resp. R2 = aR z

2
T + bR zT + cR) where ar, brand cr (resp. aR, bRand cR) are three reals.In the step 6, we obtain a quadrati equation where zT is the unknown. Then, we express

zT in terms of xv.In the step 7, we solve the quarti equation given by formula (28), the unknown is xv.To have a robustness of the alulations, we use a Bernstein solver [TFM+09℄. For moredetails, the reader an see [Pue10℄.The Figure 24 shows two illustrations of the algorithm 1 from the same three verties:
P002(4; 0; 0), P020(2; 0; 4) and P200(1; −4; 0). The sales are the same in the two Figuresand the parameters of the torii are given in table 3. We an see that the form of theirular edges are not the same and, for example, two of them are not in the same half-spae de�ned by the plane generated by the three verties.26



Algorithm 1 : From three points P002, P020 and P200, onstrution of a torus suh as theprevious points are the verties of a 3D retangular triangle, with irular edges, on thistorus.Input: Three points P002(x002, 0, 0), P020(x020, 0, z020) and P200(x200, y200, 0).Conditions :
• the numbers x002, x020 and x200 are pairwise distint;
• y200 6= 0;
• x002 × x020 > 0.Steps:1. Determination of xT by : −−−−→

OpI101 • −−−−−→
P002P200 = 02. Determination of xm, depending on zT , by:

−−−−→
OmI011 • −−−−−→

P002P020 = 03. Determination of yv, depending on zT and xv, by:
−−−−→
OvI110 • −−−−−→

P020P200 = 04. Determination of r2, depending on zT , by:
r2 =

−−−−→
OmP002

2 = OmP
2

0025. Determination of R2, depending on zT , by:
R2 =

−−−−→
OTOm

2 = OTO
2

m6. Determination of zT , depending on xv, by:
R2 =

−−−−→
OvP200

2 = OvP
2

2007. Determination of xv by:
r2 =

−−−→
OTOv

2 = OTO
2
v (28)Output:

• The enters OT of the torus, Om of the meridian irle, Ov of the Villareau irleand Op of the parallel irle;
• The minor radius r and the major radius R of the torus;
• The irular edges of the 3D triangle modelized by three RQBC γ1, γ2 and γ3.27



(a) (b)Figure 24: Two 3D retangular triangles on two torii from the same verties: P002(4; 0; 0),
P020(2; 0; 4) and P200(1; −4; 0). (a): First triangle. (b): Seond triangle.

Tours of Fig. 24(a) Fig. 24(b)
r 2.25 7.31
R 2.89 9.39
OT (−0.16, 0, 1.86) (−0.16, 0, 5.11)
Ov (1.20, −1.79, 1.86) (−6.82, −3.03, 5.11)
Om (2.73, 0, 1.86) (9.22, 0, 5.11)Table 3: Parameters of the two torii from the same points, Figure 24.
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5.2 Dupin ylide aseThe goal of this setion is the omputation of 3D retangular triangles on Dupin ylides.We reall that a Dupin ylide an be de�ned as an image of a torus by an inversion, setion2.3. Then, we will propose the algorithm 2 whih have the output data of algorithm 1 asinput data.To de�ne the inversion, steps 1 to 3, we onstrut the inversion sphere passing throughthe three verties P002, P020 and P200: so, the verties are invariant by the inversion. Weimpose some onditions about the hoie to eliminate some disadvantages: if Ω belongs tothe torus, the image of some irles would be straight lines; if Ω belongs to the torus axis,the image of the torus would be a torus. The edges on the new triangle are irular toobeause, in this ase, the image of a irular ar by the inversion is a irle ar.In the step 2, we determine the plane P whih permits to determine the image of twooplanar irles having the same radius, step 5 by a planar inversion. The images of theseirles are prinipal irles of the Dupin ylide, steps 6 and 8. In fat, we just omputethe enters and the radius of the prinipal irle using a homethety, theorem 1.In the step 9, we ompute the enter of the Dupin ylide and in the step 10, we hoosethe prinipal irle suh as we are in the on�guration given by Figure 12 or Figure 13 andthen we obtain the �rst vetor of the Dupin ylide referene frame, step 11.In step 12, we use theorem 2 illustrated by Figure 10, we determine Dupin ylide param-eters and the referene frame of the Dupin ylide. We an remark that the image of aparallel irle (resp. meridian irle) is a meridian irle (resp. parallel irle) if the pole
Ω of the inversion is interior to the torus. In fat, the image of the spheres entered onthe irle (resp. torus axis) are spheres entered on the hyperbola (resp. ellipse), Figure26(b). The �gure 25 shows that the image of the meridian irles in Py for the torus areprinipal irles in the plane Pz for the Dupin ylide.If the pole Ω of the inversion is exterior to the torus, the image of the spheres entered onthe irle (resp. torus axis) are spheres entered on the ellipse (resp. hyperbola), Figure26(a) and the image of the meridian irles in Py for the torus are prinipal irles in theplane Py for the Dupin ylide, Figure 15. The parameters of these Dupin ylides aregiven by the table 4.We an remark that some triangles on a Dupin ylide are not homotopi to a point, it isa way to explore beause, in the ase, the 3D triangles are the whole Dupin ylide.
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Algorithm 2 : Constrution of a 3D retangular triangle on a ring Dupin ylide.Input: Input data and output data of algorithm 1Steps:1. Determination of the ommon straight line ∆, intersetion of the three perpendiularbisetor plane of segments [P002P020], [P020P200] and [P002P200].2. Choie of a point Ω on ∆ suh as Ω does not belong to the union of the torus andthe torus axis. Determination of the plane P ontaining the torus axis and the point
Ω.3. Computation of the inversion ratio:

k = d2(Ω, P002)4. For j in [[1, 2]], omputation of the triangle edges γ′
j = iΩ,k (γj) where iΩ,k is thewanted inversion.5. Constrution of the enters O1 and O2 of the two meridian irles in the plane P.6. For i in [[1, 2]], omputation of O′

i = HΩ,βi
(Oi) where HΩ,βi

is an homothety, Ω is itenter and βi =
k

d2(Ω, Oi) − r2
is its ratio.7. Computation of the image O′

3 of an other enter O3 of the spheres entered on theirle of the torus.8. For i in [[1, 2]], omputation of ρi = |r βi|.9. Constrution of the midpoint O of the segment [O′
1O

′
2].10. if ρ1 < ρ2 then O′

1 and O′
2 are interhanged and ρ1 and ρ2 are interhanged too.End if11. Computation of the vetor −→ı =

1

||−−−→
O′

1O
′
2||

• −−−→
O′

1O
′
2.12. If the enter Ω of the inversion is exterior to the torus then:

➢ Computation of the parameters a, c and µ using formula (13).
➢ Determination of the vetor −→

k =
1

||−→ı × −−→
OO′

3||
• −→ı × −−→

OO′
3.

➢ Determination of the vetor −→ =
−→
k × −→ı .Else

➢ Computation of the parameters a, c and µ using formula(14).
➢ Determination of the vetor−→ =

1

||−−→OO′
3 × −→ı ||

• −−→
OO′

3 × −→ı .
➢ Determination of the vetor −→

k = −→ı × −→ .End ifOutput:Dupin ylide parameters , and ;Dupin ylide referene frameThe irular edges of the 3D triangle modelized by three RQBC , and .
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Figure 25: The images of two meridian irles C1 and C2 in the plane Py : y = 0 (for thetorus referene frame) are two prinipal irles C′
1 and C′

2 in the plane Pz : z = 0 (for theDupin ylide referene frame).

(a)Figure 26: Constrution of a 3D retangular triangle on a Dupin ylide obtained byinversion of 3D retangular triangle on the torus shown in Figure 24(a). (a): the inversionenter is exterior to the torus. (b): the inversion enter is interior to the torus.31



Name Figure 26(a) Figure 26(b)
Ω (−0.77, 0.45, 0.12) (1.23,−1.05, 1.12)

a 14.57 4.19
c 7.76 1.46
µ 12.34 2.86Table 4: Dupin ylide parameters, Figure 26.

Figure 27: Triangles 3D on a Dupin ylide whih are not homotopi to a point.
32



6 Conlusion et perspetivesThis study onsidered the problem of designing onstrained surfaes by de�ning 3D trian-gles with irular edges on Dupin ylides. Although this work is not yet mature enoughand still need more testing and validation, the triangular pathes onstruted on ylidesould be onsidered a �rst step towards the use of triangular Dupin ylide pathes toapproximate triangular meshes.Referenes[BGL01℄ A. Bouvier, M. George, and F. Le Lionnais. Ditionnaire des Mathmatiques.Quadrige, PUF, 1ère edition, 2001.[Dar87℄ G. Darboux. Leçons sur la Théorie Générale des Surfaes, volume 1. Gauthier-Villars, 1887.[Dar17℄ G. Darboux. Prinipes de géométrie analytique. Gauthier-Villars, 1917.[DGL11a℄ L. Druoton, L. Garnier, and R. Langevin. Modélisation itérative de arreauxde ylides de Dupin. G.T.M.G, pages 11�20, Marh 2011.[DGL+11b℄ L. Druoton, L. Garnier, R. Langevin, H. Marellier, and R. Besnard. Lesylides de Dupin et l'espae des sphères. Revue Eletronique Franophoned'Informatique Graphique, 5(1):41�59, 2011.[Dup22℄ C. P. Dupin. Appliation de Géométrie et de Méhanique à la Marine, auxPonts et Chaussées, et. Bahelier, Paris, 1822.[Far99℄ G. Farin. NURBS from Projetive Geometry to Pratial Use. A K Peters, Ltd,2 edition, 1999. ISBN 1-56881-084-9.[For12℄ A. R. Forsyth. Leture on Di�erential Geometry of Curves and Surfaes. Cam-bridge University Press, 1912.[Gar07℄ L. Garnier. Mathématiques pour la modélisation géomètrique, la représentation3D et la synthse d'images. Ellipses, 2007.[GDL11℄ L. Garnier, L. Druoton, and R. Langevin. Méthodes de subdivisions d'ellipseset d'hyperboles. G.T.M.G, pages 1�10, Marh 2011.[Lad02℄ Y. Ladegaillerie. Géométrie pour le CAPES de Mathématiques. Ellipses, Paris,2002. ISBN 2-7298-1148-6. 33



[LFA91℄ J. Lelong-Ferrand and J. M. Arnaudies. Cours de Mathématiques: variétés,ourbes et surfaes. Dunod, 2ème edition, Otobre 1991.[Mar82℄ R. R. Martin. Prinipal pathes for omputational geometry. PhD thesis,Engineering Department, Cambridge University, 1982.[Pue10℄ L. Pueh. Constrution de triangles 3D pour la modélisation géométrique.Master de Mathmétiques pour l'Informatique Graphique et les Statistiques.Master's thesis, Université de Bourgogne, Dijon, Frane, Septembre 2010.[TFM+09℄ Tahari, Funfzig, Mihelui, Foufou, and Ait-Aoudia. Bases tensorielles deBernstein et solveurs. Tehnique et Siene Informatiques., 12(2):1�15, 2009.

34



Chapter 8

Definition of fractal objects

This section shows the application of the interval arithmetic tools developed
within the project to define fractal objects, In 2D, fractal objects can be
defined using the inequality f(x, y) <= 0 where (x, y) are inside the ob-
ject. Solving geometric constraints resulting from such inequalities allows
the computation of these objects.

Interval analysis computes covers of shapes defined with CSG trees with
recursive space subdivision: to each shape is attached a Rvachev function,
which is negative for points inside the shape, positive for points outside
the shape, and zero for points on the boundary of the shape. An initial
box is subdivided, until interval analysis finds that the Rvachev function is
everywhere positive, or everywhere negative, within the considered box, or
is both positive and negative but is too small to be subdivided.

Rvachev functions for primitives (e.g. half spaces, torii, quadric, cubic) are
well known, as well as Rvachev functions for boolean operations: the latter
can use min and max, or absolute value, or square roots.

This study shows that it is possible to define Rvachev functions for fractals.
To our knowledge this is the first time that these functions are defined.
Moreover these Rvachev functions are computable with interval analysis.

Fractals begins to be used in industrial products (e.g. ”fractal antennas”,
”Fractal Design Noise Absorber”, ”constructal theory”). Thus Rvachev func-
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tions of fractals enable geometric modelers to also account for fractals.

The outcome of this study is a paper submitted to the symposium on Solid
and Physical Modeling on February 2012 [9]. Although the paper has not
been accepted for publication in the symposium proceedings, the reviewers’
comments were very encouraging, we are working to improve this study by
taking these comments into account and deeply verifying and validating the
theoretical foundation of this work.
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Abstract

It is possible to extend interval computations to non-smooth functions, i.e. functions which are nowhere or almost nowhere
differentiable. We call them fractal functions, because they appear in the functionally based shape modeling of fractal objects.
Functionally based modeling represents each 3D shape with a function R3 → R, which takes negative values for points inside
the shape, positive values for points outside the shape, and zero value for points lying on the boundary of the shape. Algebraic
objects, e.g. spheres, quadrics, tori, are represented with a polynomial function. The generalization to other smooth functions, say
trigonometric or exponential functions, is easy. Interval arithmetic and analysis provide methods to compute an enclosure of the
values of smooth functions over a 3D interval, or box. These features are used for instance in the HyperFun project, to ray-trace or
triangulate objects. Since fractal shapes can be represented with fractal functions, this extension of interval computations widens
the scope of functionally based modeling and of the classical recursive space subdivision method.

Key words: Functionally based modeling, function representation, fractal, interval.

1. Introduction

Interval computations are used in geometric modeling, es-
pecially in the framework of functionally based modeling
[3,6]: each shape is represented with a function, which takes
negative values for points inside the shape, positive values
for points outside the shape, and zero value for points lying
on the boundary of the shape. Functionally based modeling
is a generalization of the CSG (constructive solid geometry)
representation; not only primitives, but composed objects
(e.g. boolean operations) are represented as well with func-
tions [2]. In this study, we only detail the case of boolean
operations; let A and B be two objects, represented with
functions fA and fB ; the simplest approach is to represent
A∩B with the function fA∩B(p) = min(fA(p), fB(p)), and
A∪B with the function fA∪B(p) = max(fA(p), fB(p)). The
complement of the object A is represented with the func-
tion f¬A(p) = −fA(p). Rvatchev proposed other functions,

∗ Corresponding author
Email addresses: dmichel@u-bourgogne.fr (Dominique

Michelucci), sfoufou@qu.edu.qa (Sebti Foufou),
arnaud.kubicki@u-bourgogne.fr (Arnaud Kubicki),
jean-marc.cane@u-bourgogne.fr (Jean-Marc Cane).

now called R-functions, to realize boolean operations be-
tween solids [2]. For affine invertible transforms T (trans-
lations, rotations, scalings), the function fT (A) for T (A) is
fT (A)(p) = fA(T−1p).

Of course, functions representing objects must be com-
putable, i.e. can be approximated within a prescribed ac-
curacy. It is also very convenient when interval computa-
tions [3,4] permit to quickly compute guaranteed and tight
enclosures of the values of these functions over a box (a 3D
interval). Let [u, v] be the interval enclosing the values of
fA(K), where K is some given box: p ∈ K ⇒ u ≤ fA(p) ≤
v. When v < 0, the box K is completely inside the object
A (represented with the function fA). When 0 < u, the box
K is completely outside the object A. Otherwise, nothing
can be said because the interval [u, v] may overestimate the
exact range; when the box K is small enough, it can be in-
serted in a set of boxes which cover the boundary of the
object A; note that there is no guarantee that the bound-
ary of A (or A itself) really intersects the box K. When
the box K is not small enough, it is split in (two or eight)
smaller boxes which are recursively considered. This recur-
sive subdivision of 3D space is a classical method [3,4] used
to tessellate objects, and to perform volume computations,
within the framework of functionally based modeling.

Preprint submitted to Elsevier 2 April 2012



Up to now, the functions used for representing primi-
tive objects are smooth functions such as polynomials
(for instance, the function representing the unit sphere
is (x, y, z) → x2 + y2 + z2 − 1), trigonometric and expo-
nential functions. Smooth functions are continuous and
differentiable everywhere or almost everywhere.

Differentiability is indeed used in the centered evaluation
of the interval enclosing f(K), where K is an interval or a
box. Assume for simplicity that f is R → R, so K is an in-
terval. Let Kc be the center of K. Then the centered evalua-
tion relies on the fact that f(K) ∈ f(Kc)+f ′(K)(K −Kc),
where f ′(K) encloses the derivative f ′ of f over K; the lat-
ter formula is exact and optimally tight when f ′ is a con-
stant. f ′(K) is computed either with naive interval arith-
metic, or recursively with the centered form, which will
use f”. Sometimes, the centered evaluation is essential; for
instance, in interval Newton solvers, the Newton map N :
N(x) = x − Mf(x), must be evaluated with the centered
form, otherwise the interval Newton map can never be con-
tractant.

This paper shows that non-smooth functions can also be
enclosed with intervals. These functions are differentiable
nowhere or almost nowhere, though they are usually con-
tinuous in some sense (Lipschitz, Hölder, etc.). This pa-
per shows some examples representing fractal objects [1,5].
Though these functions are non-differentiable, they can be
enclosed, sometimes tightly, in polynomial time.

This is surprising, for the following reason: a fractal object,
F , is often defined as the attractor of some set of given
contractant affine transformations Ti, i = 1 . . . n, in other
words F is the fixpoint of the Hutchinson operator H de-
fined by: H(X) = ∪n

i=1Ti(X) where X is any compact set
in R3. Thus to generate an approximation of F , start from
some object X0 (for instance a huge ball enclosing F , or
just any point), and compute X1, . . . Xk, where Xk+1 =
H(Xk) = ∪n

i=1Ti(Xk). Clearly the number of copies of X0

(ellipsoids or points) in Xk grows exponentially, in O(nk).
Of course there are ways to deal with this combinatorial
growth, for instance Barnsley’s ”chaos game” [1], but it is
not the point. The previous argument shows that the pos-
sibility to compute quickly sharp enclosures of fractal func-
tions is not obvious. The consequence is that this possibil-
ity gives another way to account for fractals into the func-
tional based modeling framework, and it extends the scope
of the recursive space subdivision. It also makes arise some
new problems.

The paper is organized as follows: Section §2 reminds some
basics about interval arithmetics, functional based mod-
eling, and the link between continuity and computability.
Section §3 gives examples of fractal functions, which de-
fine fractal shapes, and can be enclosed with interval arith-
metics: it permits to cover the fractal or its boundary with
the recursive space subdivision method. Section §4 presents
arising questions. Section §5 concludes.

2. Fundamentals of interval arithmetic

An interval [u, v] encloses all real numbers x such that
u ≤ x ≤ v. Intervals are represented with their lower
and upper bounds, usually a pair of floating point num-
bers. Sometimes, the bounds are represented with multi-
precision floating point numbers. The floating point arith-
metic is extended to intervals according to these rules:

[u, v] + [u′, v′] = [u + u′, v + v′]

− [u, v] = [−v, −u]

[u, v] − [u′, v′] = [u − v′, v − u′]

[u, v] × [u′, v′] = [min(u × u′, u × v′, v × u′, v × v′),

max(u × u′, u × v′, v × u′, v × v′)]

1/[u, v] = [1/v, 1/u] when 0 ̸∈ [u, v]

[u, v]2n = [min(|u|, |v|)2n, max(|u|, |v|)2n] if 0 ̸∈ [u, v]

[u, v]2n = [0, max(|u|, |v|)2n] if 0 ∈ [u, v]

[u, v]2n+1 = [u2n+1, v2n+1]

exp([u, v]) = [exp(u), exp(v)]

min([u, v], [u′, v′]) = [min(u, u′),min(v, v′))

max([u, v], [u′, v′]) = [max(u, u′), max(v, v′))

Remarks:

[u, v] − [u, v] = [u − v, v − u], and not [0, 0].

[u, v]2 and [u, v]× [u, v] are different, when 0 ∈ [u, v]. Since
[u, v]2 is a square (of some unknown value in [u, v]), it can
not be negative. On the other hand, [u, v]×[u, v] is the prod-
uct of an unknown number x ∈ [u, v], and of an unknown
number y ∈ [u, v] independent of x; thus their product may
be negative, when u < 0 < v.

To account for rounding errors, the lower bound for
+, −, ×, exp, etc is computed with rounding mode towards
−∞ and the upper bound with rounding mode towards
+∞, in packages providing interval arithmetic, like PRO-
FIL/BIAS. Not tuning the rounding mode does not impact
on our kind of applications, however.

The width of the sum and of the difference of two intervals
is the sum of the widths of the operands (actually a bit
more, to account for outwards rounding).

To compute with intervals trigonometric functions
cos([u, v]), sin([u, v]), etc, the interval [u, v] must be first
decomposed into maximum sub-intervals where the com-
puted function is monotonic.

Interval arithmetic and interval analysis make possible
fully reliable computations. There are limitations how-
ever: first, the ”wrapping effect” arises: interval arithmetic
losses the dependence between variables. For example, con-
sider f(x) = x(1 − x), and the interval X = [0, 1]. Naive
interval arithmetic finds that f(X) = [0, 1]; this is cor-
rect but overestimates the exact interval which is [0, 1/4].
Various methods or optimizations (e.g. resorting to the
centered form, exploiting monotonicity) mitigate this phe-
nomenon. There is a second more fundamental limitation,
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Fig. 1. Three 1D objects A, B, C with the graph of their R-functions.
A is non-empty, B is empty, C is ambiguous.

4

1 2 3 40
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Fig. 2. Top-down: the dZ function is the distance to integers, the
odd function (x is inside if ⌊x⌋ is odd), the even function.

actually a non-computability fact: interval arithmetic can
not compare two numbers represented with overlapping
intervals. Thus interval arithmetic is not sufficient for algo-
rithms of computational geometry which need to know the
sign: negative, zero, positive of geometric predicates (turn
left/right/aligned, inCircle/outCircle), or for geometric
representations and methods based on boundaries of ob-
jects: this occurs when shapes are represented based on
their boundary, in the BRep model (Boundary Represen-
tation of objects); in this case, algorithms have to decide
whether a given point is inside, on, or outside, which is
the same inherently intractable, undecidable comparison
problem.

An advantage of the functional based modeling is to avoid
these problems: objects are neither represented nor com-
puted nor stored based on their boundary; the boundary
is extracted from an approximation or a cover, computed
with a prescribed accuracy threshold; the topology of this
approximation may not be equal to the topology of the ex-
act object, which is anyway non-computable (since, for ex-
ample, the number of connected components is not a con-
tinuous function, and for fractals it may be infinite).

These ambiguities of the boundary are illustrated for three
1D objects A,B, C in Fig.1. We first compute a cover for
all these objects. A is not empty because for some intervals
X of the cover, the interval for fA(X) is strictly lower than
0, thus X is included in A. B is empty, because its cover
is empty. C has a not empty cover, but for all intervals X
in its cover, the interval fC(X) contains 0. Thus C may be
empty, or not. It is possible to compute a cover of C with in-
creased accuracy (maybe using multi-precision arithmetic
if needed), in the hope to obtain either an empty cover (like

for B) or to get an interval in the cover for which fC will
take only strictly negative values (like for object A). The
process will not terminate in some cases, say when C is not
empty but its interior is empty (in other words, the graph
of the curve fC is tangent to the Ox axis). This situation
may worsen for non-smooth functions fC , e.g. when C is
some Cantor dust.

We refer the reader to [3,4] for more in-depth details about
interval arithmetic, and to [7] for the link between the math-
ematical notion of continuity and the computer science no-
tion of computability.

3. Computing enclosures of fractal functions

3.1. The distance to Z function

To define fractal functions, the most basic function is the
distance to the integers:

dZ(x) = min(x − ⌊x⌋, ⌈x⌉ − x)

where ⌊x⌋ is the floor of x, and ⌈x⌉ the ceiling of x. The
function dZ has period 1, is piecewise linear, continuous,
bounded: dZ(R) = [0, 1/2]. The interval enclosing dZ(x)
for a given interval x = [x0, x1] is easily computed. Fig. 2
shows the graph of the dZ function.

3.2. The Takagi function

The Takagi function is defined by:

T (x) =

∞∑

i=0

dZ(2ix)

2i

Since dZ is bounded, the series converges. The Takagi func-
tion has period 1, it is continuous but not differentiable.
It is possible to compute an interval enclosing T (x) for a
given interval x = [x0, x1] as follows:

T ([x0, x1]) =
n∑

i=0

dZ(2i[x0, x1])

2i
+

∞∑

i=n+1

dZ(2i[x0, x1])

2i

∈
n∑

i=0

dZ(2i[x0, x1])

2i
+

1

2n+1
(1 +

1

2
+

1

4
+ . . .)[0,

1

2
]

∈
n∑

i=0

dZ(2i[x0, x1])

2i
+ [0,

1

2n+1
]

The first part of the right hand side in the equation above
can be computed with intervals, or exactly with rational
arithmetic when x0, x1 are rational. Fig.3 shows the fractal
{(x, y) | y = T (x)}, for x ∈ [0, 1], y ∈ [−1/2, 1/2].
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Fig. 3. The Takagi curve. Left: the recursive subdivision process.
Right: the cover obtained with 12 level of recursion.

Fig. 4. The fractal object {(x, y)|y = E(x)}, where E is the evil’s

staircase function. Left: the recursive subdivision process using in-
terval evaluation of the function. Right: the resulting cover.

3.3. The devil staircase

Sometimes, we do not need a formula to compute the enclo-
sures of a fractal function. This is illustrated by the Evil’s
staircase function E. For x ∈ [0, 1], the evil staircase is de-
fined with the recursive formulas: E(1/3 < x < 2/3) = 1/2
and E(0 ≤ x ≤ 1/3) = 1/2 × E(3 × x), E(2/3 ≤ x ≤
1) = 1/2 + E(x − 2/3). For x ∈ R, the evil function is
E(x) = ⌊x⌋ + E(x − ⌊x⌋). As E is increasing, an enclosure
of E([x0, x1]) is [E(x0), E(x1)]. The evil staircase function
is an example of a function that is continuous, but not ab-
solutely continuous. It is also called Cantor’s function: it is
constant for values outside the Cantor set (or Cantor dust).
It is not Lipschitz continuous. See Fig.4 for a graph of the
function, traced with the recursive subdivision method and
interval arithmetic.

3.4. Distance to Cantor dust

This section presents a function which gives the signed dis-
tance to covers of the 1D Cantor dust (or Cantor set). The
sign distance is positive for a point outside and negative for
a point inside the cover.

The zeroth cover C0 is the segment, or interval, [0, 1]. The
cover Ck is the union of 1/3Ck−1 and of 2/3 + 1/3Ck−1.
The limit of Ck when k → ∞ is the famous Cantor set.

Pose K(x) = 1
3 − dZ(x) for convenience. K is bounded:

K(x) ∈ [−1/6, 1/3]. Then the distance of x to the cover Ck

Fig. 5. The graph of the signed distance to C0, C1, C2, C3, C4, C5.
x ∈ [0, 1], and y ∈ [−0.5, 0.5].

Fig. 6. The graph of the signed distance to the Cantor dust C∞.
Left: the recursive subdivision algorithm. Right: the resulting cover.

is:

d(Ck, x) =
k

min
k=0

K(3kx)

3k

which means that the distance from x to the Cantor dust is

d(Cantor, x) =
∞

min
k=0

K(3kx)

3k

which is indeed convergent. The principle used to compute
enclosures of the Takagi function can be used to compute
an enclosure of d(Cantor, [x0, x1]): the essential fact is that
K is bounded, so the series converges, and it is possible to
lower and upper bound the error at each step. Fig. 5 shows
the graph of these functions for C0, . . . C5. Fig. 6 shows the
graph of the function d(Cantor, x).

3.5. Sierpinski’s gasket

Sierpinski’s gasket is another icon of fractals, see Fig. 7. Its
3D variant is also called Menger’s sponge. The signed dis-
tance to the union of holes in Sierpinski’s gasket is defined
by

S(x, y) =
∞

min
k=0

K(3k × x, 3k × y)

3k

where K(x, y) = 1/3 − min(dZ(x), dZ(y)). Since K is
bounded, the series clearly converges. It is then possible to
compute with intervals an enclosure of the signed distance
to the Sierpinski’s gasket for any point and any box. Fig. 7
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Fig. 7. Sierpinski’s gasket (sometimes called Menger’s sponge). Left:
the recursive subdivision method with interval arithmetic. Right: the

corresponding cover.

shows the result of the recursive space subdivision method
with interval computations.

3.6. Sierpinski’s triangle

Fig. 8 shows the Sierpinski’s triangle. Let K(x, y) be the
signed distance to the tiling of triangles {(x, y)|y mod 1 ≤
x mod 1}.

The function K(x, y) = y mod 1 − x mod 1 can be ap-
plied, and it was indeed applied to produce Fig. 8), though
it uses the non-continuous function: modulo unity. A less
obvious definition for K, but using only the continuous
function dZ, is given below. Once a function K is available,
the function for the signed distance to the holes in the Sier-
pinski’s triangle is:

S(x, y) =
∞

max
k=0

T (2kx, 2ky)

2k

A definition for the function K which does not depend
on a discontinuous function (like the modulo 1 function)
can be given as follows (see Fig. 9): first define functions
for stripes; for example odd(x) = 2 × dZ(x/2 + 1/4) −
1/2 is zero for integers x, negative in the open intervals
(1, 2), (3, 4), . . . (2n + 1, 2n + 2) and positive in the open
intervals (2, 3), (4, 5), . . . (2n, 2n + 1). In other words, odd
is the signed distance functions to stripes 2Z + [1, 2]. The
function for the complement is even(x) = −odd(x). Then
define vertical stripes: A and A′, horizontal stripes B and
B′, diagonal stripes C and C ′ (e.g. considering even(x+y),
odd(x+y)). Then the tiling of triangles can be obtained as
A∩B ∩C ′ ∪A∩B′ ∩C ∪A′ ∩B ∩C ∪A′ ∩B′ ∩C ′ (Fig. 9).

3.7. Some other fractals

Fig 10 shows the tile for a von Koch gasket: the seed func-
tion K(x, y) is the periodic signed distance to the black
regions in the tile, union of two contiguous equilateral tri-
angles.

Fig 11 shows the fractal set {(x, y)| ∑∞
i=0 2−i(dZ(2iy) −

dZ(2ix) ≤ 0}. Fig 13 shows chessboards: the first is the set
{(x, y)|dZ(x)−dZ(y) ≤ 0}, the second is {(x, y)|dZ(x−y)−

Fig. 8. Sierpinski’s triangle. Left: the recursive subdivision method
with interval arithmetic. Right: the corresponding cover.

C’
C

B

B’

ABC ABC

ABC ABC
A’BC’ A’BC’

A’BC’ A’BC’

AB’C’ AB’C’

AB’C’ AB’C’

A’B’C

A’B’CA’B’C

A’A

A’B’C

Fig. 9. Partition of the plane with horizontal stripes A (even) and
A′ (odd), vertical stripes B (even) and B′ (odd), diagonal stripes C
(even) and C′ (odd). Then the union gives a tiling with triangles. An
advantage of this definition is that it uses only the basic, continuous

function dZ.

60

Fig. 10. Left: two tiles. Middle: using the recursive subdivision
method and interval computations. Right, the resulting Von Koch
gasket.

dZ(x + y) ≤ 0}. Actually numerous periodic tilings can be
produced with this approach. Non-periodic tilings are not
tackled in this work.

4. Five arising issues

In this paper, fractal functions have the form:
∑∞

i=0
K(αix)

βi ,

where the sum
∑

can be replaced with min or max, and
where the seed or kernel function K is bounded, which
ensures convergence and computability (”enclosability”).

5



Fig. 11. Other fractals.

Fig. 12. Other fractals.

Fig. 13. Chessboards and other non-commented fractals.

– Expressions are often represented with DAGs (directed
acyclic graph), also called Straight-Line-Programs,
roughly trees with sharable nodes. A leave is a symbol
x, y, z, etc, a number or an interval, and nodes are binary
operators (+,−, ×) or special functions (cos, sin). To ac-
count for fractal functions, it is convenient to introduce
new kind of nodes: dZ node, or a d(MZd + T, x ∈ Rd)
node, where MZd +T is the image of the lattice Zd after
some affine map: x → Mx + T ; and some new DAG
to store min∞

i=i0 K(i, x), max∞
i=i0

K(i, x),
∑∞

i=i0
K(i, x),

where the expression for K is also represented with some
DAG.

– We found our first R-functions for Sierpinski’s gasket or
triangle, von Koch gasket, etc, by trials and errors. Is it
possible to find by algorithm the R-functions for other
classical fractals, defined by IFS (Iterated Function Sys-
tem) [1], or by CIFS (Controlled IFS)? Remember that
with CIFS some patterns are forbidden, like T 2

1 if T1 is
one of the IFS transform. At least, it is an interesting
question, linked to Arithmetic and Number Theory, Lat-
tice theory (properties or equations like: D(aZ + b, x) =
D(Z, x/a− b) where D(S, x) denotes the signed distance
from the point x to the set S), Automata Theory, Har-
monic analysis.

– Is it possible to reconstruct a signed distance function
from a binary picture? The analogy with Fourier analysis

and transform may give some insight: is it possible to
replace cos, sin with the odd and even function?

– There is also a wrapping effect for fractal functions.
– For fractal functions f which are not Lipschitz continu-

ous, but Hölder continuous, it seems possible to general-
ize the centered evaluation form of interval analysis with
an Hölder evaluation form. Remember that a function is
(K,H) Hölder when |f(b)−f(a)| ≤ K(b−a)H . So, when
(K,H) is known for f , it suffices to compute the value
of the function f at the center of the considered interval.
However, if the literature gives the Hölder exponent of
some fractal functions, it does not give the coefficient K.
Thus the issue of computing (K, H) values arises.

5. Conclusion

This paper shows that non-differentiable functions, and
even non-continuous functions like the modulo 1 function,
are computable (enclosable) in polynomial time with in-
terval arithmetic. It also shows that these functions are
R-functions of geometric objects with fractal geometry; it
provides R-functions for some classical fractals, which were
found by some trials and errors. It permits to extend the
classical recursive space subdivision method to fractals,
once their R-function is known. We conjecture that that
it is algorithmically possible to get these functions from a
given set of contractant affine transforms of IFS, and maybe
for CIFS, but this is a possible direction for future work.
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